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ABSTRACT
In structural design, if robustness is overlooked in design process, the acquired design is
likely to have large variation in its performance due to uncertainties. In that there is no design
specification that explicitly considers the robustness against such uncertainties, this dissertation
elucidates design methodologies for use in selecting the optimal design parameters to minimize
the effect of the hard to reduce or irreducible uncertainties on structural performance, i.e.,
maximizing the robustness. However, due to limited resources, structural designs are also
constrained by available resources and budget. Consequently, in that a tradeoff relationship exists
between the robustness and cost (i.e. the more robust the design, the greater the cost). Therefore,
optimizing robustness and cost are conflicting objectives. Thus, an explicit consideration of this
tradeoff relationship between robustness and cost necessitates formulating a robust design
optimization (RDO) as a multi-objective optimization problem, with robustness, cost and other
metrics of interest as objectives. The outcome of an RDO is a Pareto front, the optimum set
reflecting tradeoff between competing objectives, in which the acquired Pareto front designs are
more robust and more economical than all other designs. Furthermore, with the acquired Pareto
front, a more informed decision can be achieved. This dissertation applies proposed RDO to two
distinct problems, in which the reliability index in foundation design and seismic demand in steel
moment resisting frame design are the considered performance measures. These measures, in
turn, lead to a confidence level based robust design optimization, second order reliability based
design optimization, and robust design optimization of steel moment resisting frame.
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CHAPTER I: INTRODUCTION

1. Motivation
Uncertainty, unavoidable in many engineering problems, can be divided into two groups
by its nature: aleatoric uncertainty and epistemic uncertainty. Aleatoric uncertainty is the intrinsic
uncertainty, which is random and irreducible. Physical randomness (such as, variability in
material properties and external loads), geometrical randomness (such as, variability in cross
sectional dimensions), and environmental randomness (such as, variability in temperature and
humidity) are typical uncertainties of this kind. Epistemic uncertainty on the other hand arises
from incomplete knowledge, also known as knowledge-based uncertainty and thus, epistemic
uncertainty is reducible by gaining more knowledge.
In face of the unavoidable uncertainties, allowable stress design and reliability based
design approaches are commonly employed to guarantee the safety in structural design
(Ellingwood et al. 1980). However, an existing design specification that explicitly considers the
robustness against uncertainty is lacking in the published literature. If robustness is overlooked in
the design process, the acquired design, even though it is sufficiently safe, may exhibit large
variations owing to ubiquitous uncertainties. Facing such large variation, the design engineer may
overdesign the system to ensure safety, leading to uneconomical solutions. On the other hand, an
attempt to ensure cost efficiency might potentially lead to an underdesign that may not satisfy the
safety requirements. However, evaluating the robustness of the engineering system to hard-tocontrol uncertainties can eliminate such large variations, thus leading to more cost-effective
designs that can satisfy the safety requirements.
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2. Background Overview
Robust design is a tool from quality engineering, which has brought great economic value
through producing high quality product. The fundamental concept of robust design desensitizing:
make system response insensitive to uncontrollable or hard to control noise parameters
(uncertainty) by carefully adjusting easy to control design parameters. Commonly used robust
design methods include Taguchi method, and robust design optimization (Taguchi 1986, Phadeke
1986, Beyer and Sendhoff 2007, Chen et al. 1999, Park et al. 2006). According to the author‘s
knowledge, attempt of applying robust design to structural design has been made by only Lagaros
and Fragiadakis (2007 a,b). In their works, Lagaros and Fragiadakis (2007a,b) treated standard
deviation of seismic response as robustness measure, which was optimized simultaneously with
material weight (i.e., cost measure). They concluded that reducing standard deviation of seismic
response has the benefit of reducing life-cycle cost.

3. Problem Statement
Due to unavoidable uncertainties, structural performance may be subject to large
variation. The effect of uncertainties on structural performance is usually a function of design
parameters (i.e., design parameters are the parameters that can be determined by designers, such
as dimension, material properties, etc). Therefore, the problem becomes one of minimizing the
effect of uncertainties on structural performance by carefully adjusting design parameters. Such
minimization must be completed accounting for the budgetary considerations, since merely
pursuing robustness may lead to designs that are overly expensive. For safety concern, designs
should be conformed to design codes and specification. Thus, requirement of codes and
specifications are treated as constraint for optimization. When robustness and cost are optimized
together, the robust design problem becomes multi-objective optimization. The robustness
measure and methodology is explained in the following section.
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4. Dissertation Overview
One of the key issues for implementing robust design is to find suitable robustness
measures. For a given set of design parameters, structural performance can be described as a
random variable. Thus, variation (or standard deviation) is naturally a suitable measure for
robustness. However, mean value of structural performance should also be considered, since
neither a design with small variation but poor performance nor a design with good performance
but large variation is a good design. In this dissertation, according to the problems considered, in
some cases, mean value and variation of structural performance are considered as separate
objectives to be optimized, while in other cases, these two measures are integrated into one
measure.
To deal with this dilemma of under-design and overdesign in foundation design, two
robustness measures are developed: confidence level, and second order reliability index. Based on
these new measures, confidence level based design approach and second order reliability based
design approach are proposed and demonstrated in Chapter II and Chapter III respectively. In
both chapters, mean value and standard deviation of system response are combined into one
measure: confidence level and second order reliability index in Chapter II and Chapter III
respectively.
In Chapter IV and Chapter V, ground motion variability and connection parameter
uncertainty are considered prospectively. In Chapter IV, a methodology that considers robustness
explicitly in face of ground motion variability is proposed. In the proposed methodology, mean
value and standard deviation of seismic response are considered as two separated objectives to be
optimized simultaneously with cost. In Chapter V, to ensure robustness against connection
parameter uncertainty, a multi-objective reliability based design methodology that can optimize
cost and collapse prevention reliability simultaneously is proposed. In this chapter, mean value

3

and standard deviation of seismic response are integrated into one measure: the collapse
prevention reliability index.
Another key issue for implementing robust design is to find an effective and efficient
method to solve the robust design problem. Robust design, as stated earlier, is a typical multiobjective optimization problem. There are many algorithms available to solve multi-objective
optimization problem (Zadeh 1963, Charnes and Cooper 1977, Chen et al. 1999, Messac et al.
2001, Marler and Arora 2004), among which Non-dominated Sorting Genetic Algorithm version
–II (NSGA-II) (Deb et al. 2002) is employed throughout the dissertation for both accuracy and
efficiency.
5. Main Contribution of this Dissertation
The confidence level based design approach discussed in Chapter II avoids the dilemma
of underdesign or overdesign. With the second order reliability based design approach in Chapter
III, robustness of the reliability-based design approach against the uncertainty in the sample
statistics of soil parameters is improved. In this chapter, the closed-formed equations for second
order reliability index and reliability index are also derived. With these closed-form equations,
reliability index and second order reliability index can be calculated directly without formal
reliability analysis, as a result, the effort of reliability based design and second order reliability
based design is greatly reduced.
In Chapter IV, the proposed performance based method is proved to be able to provide
designs that are robust, safe and economical. The obtained Pareto front solutions provide
designers more flexibility to finalize a design based on his/her preference. Besides, uniformity
drift ratio is proved to be able to serve as design efficiency indicator effectively. With the
suggested requirement of uniformity drift ratio, efficient designs can be achieved with the trial
and error process without complex optimization.
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In Chapter V, the proposed multi-objective reliability based design improves the collapse
prevention reliability in face of connection parameter uncertainty. Besides, the methodology also
provides a tradeoff relationship between collapse prevention reliability and cost. Sensitivity of
seismic response to the parameter of Ibarra Krawinkler connection model is studied using both
pushover analysis and incremental dynamic analysis. The findings provide reference on the
importance of each connection parameter to connection model developers and researchers. Except
that, seismic response variation is studied for several assumed spatial variability cases (from
perfectly correlated inter-member relationship to perfectly uncorrelated inter-member
relationship), this bridges the gap in modeling connection parameter spatial variability.
6. Dissertation Organization
Robust design is applied to address foundation design and seismic design problems in the
structural design process in the following Chapters:
In Chapter II, RDO is applied to consider sample statistics uncertainty through
confidence level based geotechnical robust design. Dimensions of the foundation design are
sought to optimize confidence level and cost of the design simultaneously. The findings obtained
through this study are published in Elsevier‘s Journal of Computer and Geotechnics.
In Chapter III, the sample statistics uncertainty is considered with a different robustness
measure, i.e., second order reliability index. To simplify the implementation of second order
reliability based design, closed-formed equations for second order reliability index are derived for
the demonstration example. Based on the closed form equations, factor of safety based design
procedure and Pareto front based design procedures are discussed. The findings obtained through
this study are submitted to Elsevier‘s Journal of Probabilistic Engineering Mechanics as two-part
companion manuscripts and are currently under review.
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In Chapter IV, robust design is formed into a performance based robust design
optimization methodology and applied to steel moment resisting to consider ground motion
variability. Steel section size for structural members is the design parameters. In the performance
based robust design optimization methodology, mean value of maximum inter-story drift,
standard deviation of maximum inter-story drift and cost are minimized simultaneously. The
findings obtained through this study are accepted to be published in Elsevier‘s Journal of
Constructional Steel Research.
In Chapter V, robust design is applied to seek robustness against uncertainty in the
connection behavior of a steel moment resisting frame. Ibarra Krawinkler model is employed to
model connection. Sensitivity study is performed to screen out connection parameters that have
negligible effect. Furthermore, spatial variability is studied to find an appropriate way to consider
variation of connection parameters among connections at different locations of steel moment
resisting frame. The findings obtained through this study are submitted to Elsevier‘s Journal of
Engineering Structure.
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CHAPTER II: CONFIDENCE LEVEL BASED ROBUST DEISGN OF CANTILEVER
RETAINING WALL IN SAND

1 Introduction
Geotechnical design is often complicated by the uncertainty of soil parameters, which
originates from the following sources: the inherent variability of soil parameters, measurement
error, and transformation error (Phoon and Kulhawy 1999 a, b). Uncertainties may be divided
into two groups: aleatoric uncertainty and epistemic uncertainty. Aleatoric uncertainty, also
known as inherent randomness, is usually described with a random variable. Epistemic
uncertainty arises from incomplete and imperfect knowledge. Model uncertainty (i.e., divergence
of a mathematical model from reality) and uncertainty due to limited data are typical epistemic
uncertainties. Transformation error (introduced by estimating soil parameter values from other
easy-to-measure parameters), is an example of model uncertainty. The most significant difference
between aleatoric uncertainty and epistemic uncertainty is that the latter can be reduced by
collecting more data or employing a more refined model, while the former is inherent and
irreducible.
At a given site, the value of a soil parameter may vary from point to point, but the sample
statistics (mean value and coefficient of variation, cov) of the soil parameter can generally be
treated as fixed values, assuming that the site is thoroughly investigated. However, due to limited
experiment data, low-quality data, low-quality transformation models, human error and so on,
sample statistics are usually uncertain (Bourdeau and Amundaray 2005). Uncertainty in sample
statistics may be characterized as epistemic uncertainty because it is caused by our incomplete
knowledge about the real values of the soil parameters and can be reduced to a certain extent
through, for example, collecting additional high-quality data (Jaksa et al. 2005). The mean values
of soil parameters can usually be determined with higher accuracy than the cov values of soil
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parameters, as reflected by the large variability in the reported cov of a given soil parameter from
different sources (Phoon et al. 2003, Wu et al. 1989). Of course, this assertion is based on the
assumption that there is little transformation/model uncertainty in deriving statistics of soil
parameters for a given design problem. In this chapter, the mean value of a random soil parameter
is assumed to have a fixed value, while the cov is considered to be a variable with epistemic
uncertainty.
In reliability-based design, it is desirable to have a robust design that is insensitive to
uncertainty in the estimated cov. In this chapter, design robustness is measured in terms of a
confidence level, which is the probability that the design will meet the specified target reliability
index. To ensure design robustness, a confidence level (CL)-based approach is thus proposed that
can improve on traditional reliability-based design in the face of uncertainty in the estimated cov.
However, an increase in the design robustness or confidence level usually leads to a design with
higher cost, and thus a trade-off decision may be required. In this chapter, the concept of a Pareto
front is used as a design aid in making such trade-off decisions.
The proposed CL-based approach is demonstrated through the geotechnical design of
cantilever retaining walls in sand. The original form of the proposed approach requires
characterization of the uncertainty of the cov values of soil parameters, a task that might be
deemed too challenging by many practicing engineers. To ease concerns over the practicality of
the proposed method, a simplified version was also developed, which requires little extra effort
over that required for traditional reliability-based design.

2 Current Approaches for Treating Uncertainty in Geotechnical Design
Two approaches are usually employed by geotechnical engineers to guarantee safety in
the face of uncertainty: a factor of safety (FS)-based approach and a reliability-based approach. In
an FS-based approach, uncertainty is not considered explicitly; rather, an empirically determined
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target FS value is used to constrain the design as a means of accounting for uncertainties.
Although a nominal FS can be computed for a given design in a deterministic approach, in reality,
the computed FS is not a fixed value in the face of uncertainty. Thus, the nominal FS is not a
consistent measure of safety, i.e., a design with a larger nominal FS may not always be safer
(Smith 1985, Whitman 2000, Low 2005).
In the reliability-based approach, uncertainties are considered explicitly in the design, and
the reliability index, which serves as the measure of safety, is consistent with the level of safety
because larger reliability index values always indicate a safer design. For simplicity, a reliabilitybased approach is often implemented as a partial factor design, such as the LRFD (load and
resistance factor design) approach. Instead of performing reliability analysis for each design,
which may not be ideal for practicing designers, a target reliability index is satisfied by ensuring
that the factored resistance (the product of a resistance factor and nominal resistance) is greater
than the factored load (the sum of the products of the load factor and nominal loads).
LRFD has been successfully used in structural engineering, where the cov of strength is
typically low and varies in a narrow range. However, the cov for soil parameters can vary widely.
In principle, the resistance factor depends on the level of uncertainty in strength; larger cov values
of soil parameters yield greater variation in resistance, and thus a smaller resistance factor is
needed to compensate for the effect of larger variation in resistance to guarantee a target
reliability index. Hence, it is problematic to calibrate the resistance factor over a wide range of
cov. Phoon et al. (2003) proposed an approach with multiple resistance factors for the design of
shallow foundations, in which the cov values of soil parameters are divided into several subranges, and resistance factors are calibrated separately for each sub-range.
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3 Framework for the Proposed Confidence Level (CL)-Based Design Approach
Accurate assessment of reliability hinges on precise characterizations of uncertainty in
soil parameters. However, characterizing the uncertainty of soil parameters in a statistically sound
manner is a challenging process in the face of soil variability and limited resources for a typical
geotechnical project. As a result, a reliability index calculated with an incorrectly estimated cov
can involve significant error. Without quantitative knowledge of the effect of uncertain cov on the
calculated reliability index, the engineer may be forced to choose between an overly conservative
design for safety or an unknown risk for cost savings. The adverse effect of using an incorrectly
estimated cov is demonstrated in greater detail later with an example.
Considering the potentially large uncertainty in the cov of a given soil parameter, it is
appropriate to describe the cov of the soil parameter as a random variable. As a first-order
appropriation, a range is established for the cov of a given soil parameter, defined by the highest
conceivable cov and the lowest conceivable cov, based on published cov values and engineering
judgment. Here, the statistics of the cov may be estimated using the three sigma rule (Dai and
Wang 1992, Duncan 2000), which states that three times the standard deviation (cov) can be
considered an approximation of one half of the difference between the highest conceivable value
and the lowest conceivable value. Thus, the mean value of the cov, denoted by μcov, is set as the
median of the adopted range, and the standard deviation (cov) is taken as one sixth of the
difference between the highest conceivable value and the lowest conceivable value. Then, the
epistemic uncertainty of the cov, in terms of the cov of the cov, denoted by covcov, is then
computed as covcov = cov /μcov.
The implication is that the cov follows a truncated normal distribution. In general, use of
(μcov) (1±3covcov) to cover the estimated range of the cov is reasonable, although some may prefer
the use of (μcov) (1±2covcov). When in doubt, both can be used, and the results can be compared.
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Thus, in a given project, the designer needs only to devote effort and resources to estimating the
mean value of the soil parameter; the epistemic uncertainty of cov, characterized by μcov and
covcov, can be estimated from the published cov range.
With cov treated as a random variable, for a given set of design variables and mean
values of soil parameters, the reliability index β will be a random variable rather than a fixed
value. Statistical moments of β, in terms of mean value (μβ) and standard deviation (ζβ), can be
calculated as follows:



μβ= β(cov)  p(cov)  d cov

(1)

 β 2   β(cov)  μβ   p(cov)  d cov

(2)

2

where p(cov) is the joint probability distribution of cov, β(cov) is the reliability index at a
given cov, μβ reflects our best estimate of the reliability index (safety), and σβ reflects the
robustness of the reliability index (i.e., smaller ζβ means a smaller effect of an uncertain cov on β
and thus a more robust β). Instead of direct integration, as in Equation (1) and Equation (2), a
variety of uncertainty propagation methods, such as Monte Carlo simulation (MCS), the point
estimate method (PEM), and Taylor expansion (Deodatis and Shinozuka 1988, Huang and Du
2007) can be employed to calculate μβ and σβ, as discussed later with an example.
It is less meaningful to consider μβ and σβ separately because neither a design that is
robust (small σβ) but not safe (small μβ) nor a design that is safe but not robust is a desirable
design. Because satisfying the target reliability index (βT) is of primary concern to a designer, a
term called the robustness of reliability (RR), which measures the probability that βT is satisfied,
is proposed:
RR = (μβ – βT)/σβ

(3)

The confidence level (CL) is defined based on RR as follows:
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CL = Φ(RR) = Φ [(μβ – βT)/σβ]

(4)

where Φ is the cumulative distribution function of a standard Gaussian variable. CL
represents our confidence (probability) that the target reliability is satisfied.
The term CL reflects the fact that we are dealing with epistemic uncertainty. CL = 50%
corresponds to RR = 0 or μβ = βT. Thus, we are 50% confident that the target reliability index is
met if the computed μβ = βT. CL= 90% corresponds to RR = 1.28, meaning that if a minimum of
90% confidence is required, one needs to make sure that μβ is 1.28σβ times higher than βT. Design
based on Equation (4), which considers the effect of uncertainty in the cov of a soil parameter, or
robustness against uncertainty in the estimated cov, is called ―confidence level (CL)-based
design‖.
The CL-based design approach is depicted in Figure 1. In traditional reliability-based
design, β is employed as the acceptance criterion because it is perceived as a fixed value that can
be compared to the target reliability with certainty. However, with epistemic uncertainty in cov, β
is no longer a fixed value, and whether the target reliability index is met cannot be ascertained
with 100% confidence. To this end, CL provides a quantitative measure of this confidence, which
can be used as a basis for design.
In this chapter, the target CL is not suggested. The implication is that the designer can set
a target CL based on his or her risk tolerance level. A designer with a high risk tolerance may use
a low CL, say 50%, while a designer with a low risk tolerance may use a high CL, say 90%; the
latter option, of course, comes at the expense of cost efficiency. It should be noted that the CLbased design approach shown in Figure 1 might appear more complex than traditional reliabilitybased design because a large number of reliability analyses is required to calculate μβ and ζβ.
However, this new approach may be greatly simplified using a calibrated relationship between
CL and μβ, as shown later.
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Figure 1. CL-based design process
4 Case Study: Design of Cantilever Retaining Wall in Sand
The cantilever retaining wall in Figure 2 is employed as an example to demonstrate the
proposed CL-based design approach. For a design, the height H and inclination angle λ are
usually pre-determined, while the base width (a), the distance from the toe to the stem edge (b),
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the stem width (c), and the base depth (d) are design variables that can be adjusted to satisfy
safety and cost requirements. The friction angle and the unit weight of the backfill sand are
denoted by ϒ1 and ф1, respectively, and the friction angle and unit weight of the foundation sand
are denoted by ϒ2 and ф2, respectively.

λ

Backfill
Wc

H

sand: φ1, ϒ1
W1

Va

H’

Pa
D
Foundation
sand: φ2, ϒ2

Pp

b

=90 o

c

d
Vr

a

Pr

Figure 2. Illustration of cantilever retaining wall
As a proof-of-concept example, assume that mean values of φ1, ϒ1, φ2, and ϒ2 are
obtained through site investigation, as shown in Table 1. Also listed in this table are the typical
ranges of the cov values of these soil parameters. The mean and cov of ϒc (the unit weight of
concrete) are taken from the literature (Ellingwood et al. 1980). The height of the retaining wall is
assumed to be 12 ft (H = 12 ft). The values of the design variables are assumed to vary within the
following ranges based on typical sizing requirements: 0.5H< a <H, 0< b< 0.5a, H/14< c <H/12,
and H/14< d <H/12 (Coduto 2010). The distance from the soil surface to the top of the retaining
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wall stem is assumed to be 6 in, and λ is assumed to be 0o for this example. Other configurations
were also analyzed and are discussed later.

Table 1. Sample statistics for example retaining wall
Mean

Typical range of cov

Distribution Type

φ1(o)

37

0.05–0.20

Log-normal

1 ( lb/ft3)

108

0.03–0.07

Log-normal

φ 2(o)

30

0.05–0.20

Log-normal

2 (lb/ft3)

100

0.03–0.07

Log-normal

c ( lb/ft3)

150

0.1

Log-normal

Table 2. Mean and cov of cov of soil parameters
μcov

covcov

φ1 and φ2 (o)

0.125

0.2

ϒ1 and ϒ2 (lb/ft3)

0.05

0.133

Based on the 3-sigma rule described previously and the range of the cov of the drained
friction angle of sand reported in the literature (Phoon et al. 2003), which is between 0.05 and
0.20 (Table 1), μcov is set at 0.125 and covcov is set at 0.20. Similarly, for the unit weight of sand,
the cov is reported to be in the range of 0.03 and 0.07 (Table 1; (Harr 1987, Kulhawy 1992));
thus, μcov is set at 0.05 and covcov is set at 0.133. The values of the mean and the cov of the cov of
these soil parameters are summarized in Table 2.
4.1 Deterministic model for geotechnical failure modes of a cantilever retaining wall
The forces acting on a retaining wall include the self-weight of the retaining wall (W1),
the self-weight of the backfill sand (W2), the horizontal active earth pressure (Pa) and the vertical
active pressure (Va) on the back side of the retaining wall, the reactions at the base (Vr and Pr),
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and the passive earth pressure (Pp) on the front side of retaining wall. Coulomb‘s earth pressure
theory is employed to calculate Pa and Va, and Rankin‘s earth pressure theory is employed to
calculate Pp. The equations for Pa, Va and Pp are as follows:
Pa =

1
Kaϒ1H2cos(w)
2

(5)

Va =

1
Kaϒ1H2sin(w)
2

(6)

Pp =

1
Kpϒ2D2
2

(7)

where Ka and Kp are the active earth pressure coefficient and passive earth pressure coefficient,
respectively, and w is the internal friction angle between the retaining wall and the backfill sand,
which is usually taken as two thirds of the internal friction angle of thee backfill soil (ф) for a
concrete retaining wall (Coduto 2010). The equations for Ka and Kp (see Coulomb 1776,

Perloff and Baron 1776) are as follows:



sin(  1 ) / sin( )
Ka  

 sin(   )  sin(1   )sin(1   ) / sin(   ) 

K p  tan(45o 

2 2
)
2

2

(8)

(9)

The retaining wall should satisfy both external and internal stability requirements.
External stability means that the retaining wall should be able to maintain static equilibrium under
applied forces, while internal stability means that the stem and base should have sufficient
resistance to internal shear and moment. Only the external failure modes are considered in
geotechnical design. Three failure modes are related to external stability: sliding failure,
overturning failure and bearing capacity failure. Failure will occur when the resistance is less than
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or equal to the driving forces that activate an instability mechanism. Moreover, eccentricity of the
reaction force at the base should also be satisfied, meaning that the reaction force should be
within one third of the base width around the base center to make sure that the entire base is
under compression. In fact, instead of considering overturning directly, eccentricity is usually
suggested as the criterion for overturning (Zevgolis and Bourdeau 2010), and that approach is
adopted in this example. The limit state functions for the three failure modes are defined as
follows:
gsl = (W1 + W2 + Va)×tan(Ө) + Pp - Pa = 0
gecc =

(10)

a
-|e| = 0
6

(11)

gbear = qa - qmax = 0

(12)

where gsl, gecc, and gbear represent the limit states for sliding, eccentricity, and bearing capacity,
respectively; Ө is the interface friction angle between the base and the foundation sand, which is
taken as 0.7 times the internal friction angle of the foundation soil (Zevgolis and Bourdeau 2010);
and e is the eccentricity, calculated as follows:

a M -M
e= - R D
2
V

(13)

where MR is the resisting moment, calculated as the sum of the products of W 1, W2, Va, Pp and
their corresponding arms with respect to the toe. MD is the driving moment, calculated as the
product of Pa and its arm with respect to the toe. V is the total vertical force, consisting of W 1, W2
and Va.
For the bearing capacity failure mode, qa and qmax are the allowable bearing pressure and
the maximum pressure, respectively, at the base of the retaining wall. The latter, q max, is
calculated as follows:
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qmax=

V
6|e|
(1+
)
a
a

(14)

Many methods are available for calculating the allowable bearing pressure q a. For this
example, the formula proposed by Vesić 1973 and Vesić 1975, which takes the following form, is
used:
qa = cNcscdcicbcgc + ζzDNqsqdqiqbqgq + 0.5ϒBNϒsϒdϒiϒbϒgϒ

(15)

where Nc, Nq, and N are the bearing capacity factors; sc, sq, and sϒ are the correction factors for
shape; dc, dq, and dϒ are the correction factors for depth; ic, iq, and iϒ are the correction factors for
load inclination; bc, bq, and bϒ are the correction factors for base inclination; and gc, gq, and gϒ are
the correction factors for ground inclination. The reader is referred to the literature (e.g., Vesić
1973, Coduto 2010) for details on the calculation of the allowable bearing capacity qa.
4.2 Uncertainty propagation using Taylor expansion and point estimation method
For a given set of design parameters and mean values of soil parameters, β is described as
a function of cov as follows:
β(cov) =β([cov1 cov2 cov3 cov4])

(16)

where subscripts 1 through 4 correspond to φ1, ϒ1, φ2, and ϒ2, respectively. As discussed
earlier, cov is described as a normal random variable as follows:
covi ~ N(μcov,i, ζcov,i2 )

(17)

Several uncertainty propagation methods are available to calculate μβ and ζβ, such as
Monte Carlo simulation (MCS), the point estimate method (PEM), and the Taylor expansion
method. Monte Carlo simulation is the most straightforward method. Random samples are
generated according to the marginal distribution and covariance matrix of the random variables,
and the performance function is evaluated for each sample. The mean values and variation of all
samples is used as the mean and variation of the performance function. MCS can yield the most
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accurate result of the above three methods, albeit at the expense of computational effort (McKay
et al. 1979).
PEM is a method used to approximate continuous integration with a weighted sum of
performance function values evaluated at a few sampling points. PEM was first proposed by
Rosenblueth (1975) and was further developed by Zhao and Ono (2000), whose formulation is
referred to herein as the new PEM.
Taylor expansion is a commonly used first-order second-moment method used in
reliability analysis. In Taylor expansion, the performance function is expanded into a linear
function of random variables using a first-order Taylor series expansion. Equations for the mean
and variance of the performance function can then be derived. More accurate equations that are
based on higher-order expansions are also available but require higher-order derivatives. With the
first-order Taylor expansion method, μβ and σβ can be calculated as follows:
μβ = β([μcov,1, μcov,2, μcov,3, μcov,4])

 β
σβ =  
i 1   covi

2

where

4

β
 covi

μ cov,i


 ζcov,i 



(18)

2

(19)

is the derivative of β with respect to covi evaluated at μcov,i, which can be
μ cov,i

calculated by the central difference method as follows:

β
 covi


μ cov,i

β([μ cov,1 , .. , μ cov,i +, .., μ cov,4 ])-β([μ cov,1 , .. , μ cov,i -, .., μ cov,4 ])
2

(20)

where Δ is the step size (Δ= 0.5ζcov,i is used here). With β evaluated twice for each cov to
obtain the derivative, with one evaluation at mean value point, only nine evaluations of β are
needed to obtain μβ and σβ.
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The Taylor expansion method and new PEM are more efficient than MCS, but their
accuracy needs to be confirmed. For this purpose, 100 designs were randomly generated within
the ranges of the design variables. Then, MCS (a sample size = 1000), Taylor expansion, and the
new PEM were applied to each design to calculate μβ and σβ for all three failure modes. A firstorder reliability method (FORM; Ang and Tang 1984) was employed for reliability analysis. The
result for sliding failure is shown in this paper for illustration. The accuracies of Taylor expansion
and the new PEM for calculating the μβ and σβ of eccentricity and the bearing capacity failure

5

 by Taylor expansion or new PEM

 by Taylor expansion or new PEM

mode are comparable to those for sliding failure.

Taylor Expansion
new PEM

4.5
4
3.5
3
2.5
2
1.5
1
1

2
3
4
 by Monte Carlo Simulation

5

0.6
0.5
0.4
0.3
0.2
0.1



(a) Accuracy comparison of μβ

Taylor Expansion
new PEM

0.2
0.4
0.6
 by Monte Carlo Simulation


(b) Accuracy comparison of ζβ

Figure 3. Comparison of accuracy of MCS, new PEM and Taylor expansion in
calculating μβ and ζβ
As Figure 3 shows, μβ and σβ calculated from both the new PEM and the Taylor
expansion method agree well with those calculated from MCS. The relative errors of μβ for the
new PEM and Taylor expansion are 0.2% and 1%, respectively; while the error in σβ is
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approximately 7% for both the new PEM and the Taylor expansion method. Furthermore, the
values of σβ calculated with the new PEM and with Taylor expansion are nearly identical, with a
relative difference of less than 1%. Because the Taylor expansion method can yield μβ and σβ
with an accuracy comparable to the new PEM and with fewer reliability calculations, the Taylor
expansion method was employed in the subsequent analysis.
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(cov-3cov)

=3.2

(cov-2cov)

10

(cov)
(cov+2cov)



8
6

(cov+3cov)

Case 1
Case 2

4
2
Case 3
0
1

2

3
4
(cov)

5

6

Figure 4. Reliability index of different assumed cov for randomly generated designs

To demonstrate the detrimental effect of using an incorrectly estimated cov, the reliability
analysis for the sliding failure mode was performed for the following five sets of cov: one set of
―true‖ cov values assigned values of μcov and four sets of incorrectly estimated cov assigned
values within the ranges of μcov±3σcov and μcov±2σcov, for each of the 100 designs. It is evident
from the results shown in Figure 4 that the difference between β based on the ―true‖ cov and that
based on the incorrectly estimated cov is significant. Different cases of cov for the same design
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were selected for comparison. Figure 4 shows three cases, Cases 1, 2, and 3, with cov set at μcov
([0.125 0.05 0.125 0.05]), μcov-2σcov ([0.075 0.037 0.075 0. 037]), and μcov+2σcov ([0.175 0.063
0.175 0. 063]), respectively. The corresponding reliability index values for these three cases are
3.2, 5.2 and 2.3, respectively. If the target reliability index is 3.2, the design with incorrectly
estimated cov values can easily be overdesigned or underdesigned. In the case of underdesign, the
target reliability index is not satisfied because an underestimated cov is used in the traditional
reliability-based design.
The distribution of β for a typical design is plotted in Figure 5, which shows that β can be
fitted well with a normal distribution. Based on the result of a Kolmogorov–Smirnov (K–S) test,
the hypothesis ―β is normally distributed‖ is not rejected at a significant level of p = 0.05.

600

number of samples

500

400

300

200

100

0
1

2

3
4
reliability index, 

5

Figure 5. Distribution of reliability index for a typical design
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4.3 Confidence level-based design optimization
In the geotechnical design of a retaining wall, three failure modes are involved, and each
failure mode has its own CL value. Because the retaining wall can be viewed as a series system,
meaning that occurrence of any failure mode may result in total system failure, the lowest CL
value of the three failure modes is used as the CL for the retaining wall system. For the example
presented in this paper, βT is set at 3.2, which corresponds to a failure probability of
approximately 7/10000 for all three failure modes.
In reliability-based design, the target reliability is often treated as a constraint, and a
least-cost design is sought. In the proposed CL-based design method, the design optimization can
also be performed in the same way. However, CL can also be treated as an objective in the
optimization, in addition to cost, which leads to a multi-objective optimization problem. The
result of the multi-objective optimization is set of designs, collectively termed a Pareto front,
rather than a single design. As a result, a trade-off decision needs to be made between conflicting
objectives.
The Pareto front is a set of designs that are not dominated by any other designs. Design B
is dominated by design A if (1) A is strictly superior to B with respect to at least one objective
and (2) A is not inferior to B in all other objectives. If one design is not dominated by any other,
it belongs to the Pareto front. If a design is dominated by any other design, it is a dominated
design.
To illustrate the concept of the Pareto front, all designs within the range of design
parameters were enumerated. To reduce the computational effort, the design variables were
treated as discrete values: a and b were treated as multiples of 6 inches, and c and d were treated
as multiples of 3 inches. A total of 988 designs were developed in the design space defined by the
typical ranges of these design parameters. For each design and each failure mode, the cross-
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sectional area (used as an index of the cost of the retaining wall) and CL of the retaining wall
system (used as a measure of the robustness of the system) were calculated. Figure 6 shows all
designs with CL > 0.5 (CL less than 0.5 is generally not acceptable) and illustrates the conflicting
objectives with respect to area (cost) and system CL (robustness). Among these designs, 16 nondominated designs are identified, which collectively form the Pareto front. These designs are
listed in Table 3, which also lists the values of the design variables, the CL values, and the areas.
The following characteristics of the Pareto front were observed:

Area (in 2)

4000

Dominated designs
Pareto front

3500

3000
Design 1
2500
0.5

Design 3

Pareto front

0.6

CL gain

0.7

0.8

0.9

additional
1 cost

CL
Figure 6. Pareto front and dominated designs
1) All dominated designs are dominated by at least one design in the Pareto front. Thus,
for every dominated design, there exists a design in the Pareto front with one of the following
three conditions: identical cost but a larger CL, identical CL but a lower cost, or both a larger CL
and a lower cost. As Figure 2.6 shows, for all designs with an area of 3000 in2, CL varies from
less than 0.5 to approximately 0.99, while for all designs with a CL of 0.9, the area varies from
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approximately 2700 in2 to approximately 4000 in2. Considering that the Pareto front consists of
only a small portion of the total number of designs, meaning that the vast majority of the designs
are dominated, the traditional trial-and-error design process would most likely result in a
dominated design. Thus, a multi-objective optimization process is more effective in identifying
non-dominated, optimal designs. While the Pareto front may be identified by an exhaustive
examination of all possible designs, a very efficient algorithm, called the non-dominated sorting
genetic algorithm, version II (NSGA-II), developed by Deb et al. (2002) is available for use in
identifying the Pareto front. The reader is referred to Deb et al. (2002) for the NSGA-II procedure
and to Marler and Arora (2004) for an extensive survey of multi-objective optimization
techniques for finding the Pareto front.
Table 3. List of design parameters and key results for each of the 16 designs on the Pareto front
obtained by the CL-based design method
No. a (in)

b (in)

c (in)

d (in)

Area
(in2)

CL
(%)

CLsliding
(%)

CLbear
(%)

CLecc
(%)

1

72

12

12

12

2430

67.64

74.06

72.36

67.64

2

78

12

12

12

2502

87.53

92.41

87.53

95.24

3

84

15

12

12

2574

96.20

96.20

96.26

99.47

4

90

18

12

12

2646

98.10

98.10

99.06

99.84

5

96

18

12

12

2718

99.16

99.47

99.16

99.92

6

102

15

12

12

2790

99.38

99.91

99.38

100

7

108

15

12

12

2862

99.45

99.97

99.45

100

8

114

12

12

12

2934

99.60

99.99

99.60

100

9

120

12

12

12

3006

99.65

100

99.65

100

10

126

12

12

12

3078

99.70

100

99.70

100

11

132

9

12

12

3150

99.78

100

99.78

100

12

138

9

12

12

3222

99.81

100

99.81

100

13

138

9

12

15

3294

99.84

100

99.84

100

14

144

9

12

12

3626

99.83

100

99.83

100

15

144

9

12

15

3726

99.86

100

99.86

100

16

144

9

15

15

4176

99.86

100

99.86

100
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2) Within the Pareto front, no improvement can be made without worsening at least one
other objective. For the 16 designs making up the Pareto front, the designs with larger CL values
inevitably cost more, while the designs with lower costs inevitably yield smaller CL values. Thus,
the Pareto front reflects the trade-off between CL (robustness) and cost.
Using the CL-based design approach, it becomes possible to make a more informed
decision. Because the trade-off relationship between CL and cost is reflected quantitatively in the
Pareto front, a decision-maker may select a design with a smaller CL that costs less or a design
with a larger CL that costs more. As Figure 6 shows, comparing Design 1 and Design 3, CL
increases from 67.64% to 96.20% with an additional area of 144 in2 (roughly an increase of 6% in
cost). In this scenario, most designers would likely deem this added expense worthwhile.
However, beyond Design 3, the rate of increase in CL with respect to the increase in cost
becomes less beneficial. This demonstrates that the Pareto front is an effective aid to decisionmaking.

5 Simplified Equations for Implementation of CL-Based Design
Compared to traditional reliability-based design, CL-based design might appear to
demand more of the user because a larger number of reliability analyses (especially for finding
ζβ) are involved. However, the computational effort may be greatly reduced using the simplified
equations presented in this section. This is made possible by observing the relationship between
μβ and ζβ in the domain problem (in the case of the example used in this paper, retaining walls in
sand), which leads to the relationship between μβ and CL.
5.1 Relationship between μβ and CL observed in the illustrative example
As Equation (4) shows, both μβ and ζβ are needed to determine CL. However, if ζβ is
highly correlated with μβ, the process can be greatly simplified. If an empirical relationship
between ζβ and μβ can be established, CL can be determined without ζβ needing to be determined
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separately, which can greatly reduce the computational effort involved in a developing a CLbased design (Figure 1).
A highly correlation between ζβ and μβ is observed in the illustrative example for all
failure modes. Here, only the sliding failure mode is taken as an example. As shown in Figure 7
(a), ζβ is highly correlated with μβ. For a given μβ, ζβ varies in such a narrow range that it may be
treated as a fixed value. Regression analysis yields ζβ = 0.007+0.118 μβ, with R2 = 0.998. Thus,
the equation for CL can be simplified by substituting this regression equation into Equation (4)
with βT = 3.2.

0.7

1

 =0.007+0.118

0.8
0.6

CL=0.5

CL

0.5





0.6

CL=0.99
CL=0.9

0.4

0.4

0.2
0.3
2

3

4



5

6

CL=0.1

0
2

3



(a) μβ versus ζβ

4


5

6

(b) μβ versus CL

Figure 7. Relationship between μβ–ζβ and μβ–CL for sliding failure
5.2 Calibrating relationship between μβ and CL with a wide range of data
As shown previously, CL is obtained as a function of μβ for the sliding failure mode.
However, this relationship is valid for designs with the sample statistics listed in Tables 1 and 2,
and with the following geometry: H = 12 ft, λ = 0o, 0.5H< a <H, 0< b <0.5a, H/14< c <H/12,
H/14< d <H/12, and D = 6 in + d.
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To develop an empirical model (in terms of the μβ–ζβ relationship and then the CL–μβ
relationship) that is applicable to a wide range of cantilever retaining walls in sand, it is necessary
to investigate whether the strong correlation between ζ β and μβ still holds for different sets of
sample statistics, inclination angles (λ), and wall heights (H). To this end, a series of analyses was
performed for retaining walls of the following heights: 5 ft, 8 ft, 12 ft, 16 ft, and 20 ft.
Table.4. Ranges of sample statistics and design parameters for calibration
Sample statistics
Range
Geometry parameter
Range
μφ1 (o)

30 to 45

a

0 to H/2

μ1 ( lb/ft3)

90 to 130

b

0 to a/2

μφ2 (o)

30 to 45

c

H/14 to H/12

μ2 (lb/ft3)

90 to 130

d

H/14 to H/12

λ

-15o to 15o

For a given H, each set of parameter values, [μφ1 μ1 μφ2 μ2 a b c d λ], represents a design
scenario, where μφ1, μ1, μφ2, and μ2 are the mean values of φ1, 1, φ2, and 2, respectively, and a,
b, c, and d are the dimensions illustrated in Figure 2. For this series of analyses, the ranges of
values for these parameters are shown in Table 4. For each H, design scenarios were randomly
generated based on the ranges in Table 4; then, for each design, μβ and ζβ were calculated for all
failure modes. A regression analysis of the data obtained was then performed. For each H, a
sample size of 5000 designs was selected to ensure that a wide range of ζβ was encountered for a
given μβ. The results are presented in Figure 8 through Figure 10 for the three failure modes.
Comparing Figure 8 (c) to Figure 7 (a), where H = 12 ft, when λ and the mean values of
the soil parameters are randomly generated, a larger dispersion is observed in Figure 8(c) and a
smaller R2 (0.995) is obtained. However, the dispersion of ζβ is still considered small, and the
regression equation (ζβ = 0.034+0.118μβ) is approximately the same as that obtained for Figure
7(a). Furthermore, comparing Figure.8(a) with Figures 8(b), 8(c), 8(d) and 8(e), it is clear that
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correlation is only slightly influenced by H because the R2 values are nearly identical. Regression
equations for each H are shown in Figure11 for all data. Thus, the regression equation based on
all data is deemed applicable to all cantilever retaining walls in sand without an appreciable loss
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(f) All data
0.75
=0.043+0.116
0.65 2
R =0.992
0.55

0.45

0.25
2

3

0.25
2

3

4


5

6

Figure 8. μβ–ζβ relations and regression equations for different H and all data for
sliding failure
The phenomena observed in Figure 9 for bearing capacity failure and Figure 10 for
eccentricity failure are similar to that of sliding failure observed in Figure 8. For a given μ β, the
trend lines for bearing capacity failure and eccentricity failure yield a larger ζ β and a larger
dispersion of ζβ than the trend line for sliding failure. The implication is that the reliability index
for bearing capacity failure and that for eccentricity failure are more sensitive to the uncertainty
in the cov values of the soil parameters.
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Figure 9. μβ–ζβ relations and regression equations for different H and all data for
bearing capacity failure
Because of the strong correlation between μβ and ζβ in the external stability problem of
cantilever retaining walls in sand, CL can be determined knowing only μβ, based on Equation (4).
Figures 12 through 14 show the data points of CL versus μβ for the three failure modes. Leastsquares regression analysis of these data yield the following simplified equations for CL as a
function of μβ for the three failure modes (sliding failure, bearing capacity failure, and
eccentricity failure):

μβ -3.2
CLsliding =Φ 
 0.043+0.116μβ







μβ -3.2
CLbearing =Φ 
 -0.046+0.182μβ


(21)





(22)
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μβ -3.2
CLeccentricity =Φ 
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Figure 10. μβ–ζβ relations and regression equations for different H and all data
for eccentricity
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Figure 11. Regression of ζβ versus μβ for different H for sliding
failure
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Figure 12. μβ-versus-CL plot of all data for sliding failure mode
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Figure 13. μβ-versus-CL plot of all data for bearing capacity failure mode
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Figure 14. μβ-versus-CL plot of all data for eccentricity failure mode
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Figure 15. Relationship between μβ and CL for all failure modes
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The maximum errors of these equations were also estimated. Because designs with a
reliability index of 5 have a very low failure probability (2.9×10-7), only designs with μβ of less
than 5 were considered in the error analysis. For this exercise, CL calculated from Equation (4)
with μβ and ζβ is referred to as the ―true‖ CL value, while CL calculated from Equation (21)
through Equation (23) is referred to as the ―predicted‖ CL. The maximum errors between the real
CL and the predicted CL were calculated as 2%, 2%, and 5% for sliding failure, bearing capacity
failure, and eccentricity failure, respectively. Thus, CL can be estimated from Equation (21)
through Equation (23) with high accuracy. Figure 15 compares these equations in a single graph.

5.3 CL-based design approach
For a desired CL in a design, the required μβ can be easily determined based on Figure 15
(or Equations (21)–(23)) for each of the three failure modes. Thus, the proposed CL-based design
approach can be approximately transformed into a traditional reliability-based design. For
cantilever retaining walls in sand, designs with a higher CL will cost more, and a trade-off
decision can be made with the aid of a Pareto front (see Figure 5). Once the desired CL is
selected, the CL-based design can be approximately implemented as a traditional reliability-based
design. As shown previously, little extra design effort beyond that required for traditional
reliability-based design is needed.
The significance of the CL-based design can be further elaborated. With the traditional
reliability-based design method, the designer may be forced to adopt a reliability index higher
than the generally accepted target reliability index, β T = 3.2, out of concern that the cov values of
soil parameters that were used in the design may be underestimated. However, there is no
guidance in the literature on how to compensate for the effect of underestimation of cov in a
quantitative manner. With the CL-based design approach, the designer specifies a confidence
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level (CL) that fully accounts for the effect of possible variation of the estimated cov values of
the soil parameters. In the proposed approach, the CL requirement is constrained by the cost
objective. To this end, a Pareto front can be identified to serve as a design aid to guide the
selection of CL. Note that the uncertainty in the estimated cov values of the soil parameters is
fully reflected in the computed CL, yielding a more rational design. Finally, the calibrated CL–μβ
relationships (Equations (21)–(23)) make it possible to implement the CL-based design method
with little extra effort beyond that required for the traditional reliability-based design method.

6 Summary
In this chapter, a confidence level (CL)-based method is proposed to address the problem
of geotechnical design in the face of uncertainty. Here, CL is a measure of confidence that the
target reliability index will be satisfied in the face of uncertainty in the estimated cov. The
proposed method is demonstrated through the design of a cantilever retaining wall in sand. To
ensure the practicality of the proposed method, a simplified approach was developed, which
requires little extra effort over that required for traditional reliability-based design. The proposed
confidence level (CL)-based design approach has been shown to be effective in the design of
cantilever retaining walls in sand. It overcomes the dilemma of traditional reliability-based design
that underdesign or overdesign (relative to the selected target reliability index) can occur when
significant uncertainty exists in the estimated cov values of soil parameters.
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CHAPTER III: SECOND ORDER RELIABILITY-BASED DESIGN OF DRILLED
SHAFTS FOR TRANSMISSION LINE STRUCTURES

1. Introduction
In this chapter, a methodology for constructing closed-form equation for reliability index,
β is provided. The methodology is applied to the design of drilled shafts for electrical
transmission lines structure subjected to compression under undrained loading conditions. The
closed-form equation of β is proved to be capable of overcoming the existing drawbacks of load
and resistance factor design (LRFD) and reliability-based design optimization (RBDO). Besides,
the closed-form equation of reliability index also facilitates the development and use of second
order reliability-based design, which improves the robustness of RBD against the uncertainty in
the estimated statistics of input parameters.
The development of closed-form β is based on the observation that a monotonic
increasing functional relationship between β and FS exists for a given type of problem. However,
such function is generally problem-specific (i.e., dependent on design conditions). As a result, β
is a function of not only FS but also other influencing design parameters (e.g., soil parameters and
loads). As a result, regression analysis is employed to find the functional relationship. To reduce
the number of design parameters that are required, a full factorial design of experiments (Wu and
Hamada 2000) is employed to identify the most influential parameters.
The RBD method has been widely studied and implemented in the form of load and
resistance factor design (Ellingwood et al. 2000, Moses and Larrabee 1988, Paikowsky 2004,
Phoon et al. 1995) and reliability-based design optimization (Basha and Babu 2000, Wang 2009,
Zhang et al. 2011). Both LRFD and RBDO have their shortcomings, however. For the LRFD
method, load and resistance factors are calibrated based upon a specific target reliability value.
Thus, it is not applicable if a different target reliability index is desired. Furthermore, the LRFD
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code can only be used to satisfy the target reliability, while the actual reliability index of a
proposed design is not provided. For RBDO, the optimum design obtained is the most
economical design only for a given reliability constraint. The cost effectiveness of a more
conservative (and more costly) design in raising the safety level (in terms of reliability index) is
unknown. Furthermore, RBDO involves an optimization coupling with reliability index
evaluation, which may be too complicated and time consuming for practical engineers. Here, a
novel reliability-based design approach based on the closed-form reliability index is proposed.
The proposed RBD approach was implemented with two procedures: site-specific FS-based
design procedure, and Pareto front-based design procedure.
An accurate evaluation of the reliability index and successful application of RBD
demands an accurate estimate of the statistics [mean value and coefficient of variation (cov)] of
input soil parameters, which is often quite challenging from a geotechnical perspective because of
limited budget availability for site exploration and testing. It is possible to determine the mean
values of soil parameters with greater accuracy than the cov values of soil parameters, as reflected
by the large variability in the reported cov of a given soil parameter from different sources
(Phoon and Kulhawy 1999a, Phoon and Kulhawy 1999b, Wu et al. 1989). If the cov is
underestimated, the actual reliability index of the acquired design can be smaller than the target
value, i.e., resulting in an under-design. If the cov is overestimated, the actual reliability index of
the acquired design may be larger than the target value, i.e., resulting in an over-design. To
prevent either of these two extremes, the author proposed a second order reliability based design
(SRBD).
In the SRBD approach, the cov of a soil parameter is treated as a random variable,
therefore an improved estimate of the reliability index of a geotechnical system considering an
uncertain cov of soil parameter was proposed. This improved reliability index is called ―true

37

reliability index‖ (βTR) for purposes of convenience. Unlike the traditional reliability based design
in geotechnical engineering, which deals only with first order, or soil parameter uncertainties, in
the SRBD approach the uncertainty of the estimated statistics of soil parameters (second order
uncertainty) is also considered. Based upon the closed-form equations of the reliability index,
closed-form equations for βTR were deduced. As we later demonstrate, the SRBD improved the
robustness of RBD against the uncertainty in the estimated statistics of input parameters without
the need of additional computational effort. The proposed SRBD can be implemented with both
the FS-based design procedure and the Pareto front-based design procedure.

2. Background
In order to provide an adequate margin of safety in the face of uncertainty, two
approaches are usually employed by geotechnical engineers: FS-based approach and RBD
approach.
In an FS-based approach, the following condition must be met:
Fn ≤

Qn
FS

(1)

where Fn = nominal value of load, Qn = nominal value of resistance.
The strengths of the FS-based design approach are simplicity, intuitiveness, and decades
of experience. The drawback is that all sources of uncertainty are dealt with by a single factor of
safety (FS), although the uncertainties are not considered explicitly. While the FS-based approach
with conservative engineering judgment has worked well for many decades, it is unable to
provide a consistent measure of risk; the design with a larger FS does not always guarantee less
risk (Duncan 2000, Low 2005, Whitman 2000) in the face of uncertainty. To address this concern,
the transition from the FS-based design approach to the RBD approach has gradually emerged.
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The objective of RBD is to ensure that the failure probability ( p f ) of a design is less than
the target value ( pT ):

p f = Pr[(Q < F)] ≤ pT

(2)

where Q = resistance, and F = load, and both Q and F are random variables because of
uncertainties.
Compared with the deterministic measure of FS (in terms of nominal FS values), in RBD,

p f is an index that considers uncertainties explicitly, which allows risk (or more precisely, the
failure probability) to be measured and communicated in a consistent manner. The reliability
index β, which is calculated as β =  1 (1  p f ) , in which  1 is the inverse of the cumulative
distribution of a standard Gaussian random variable, is commonly used in place of p f as a
measure of the failure probability in RBD. Various methods such as Monte Carlo simulation
(MCS), first order second moment (FOSM) method, and first order reliability method (FORM)
may be employed to calculate p f or β (Ang and Tang 1984).
In the geotechnical practice, RBD is often implemented with a partial-factor design
approach. Depending on the way partial factors are applied, this design approach may be divided
into two categories (Honjo and Amatya 2005): load and material factor design, and load and
resistance factor design (LRFD). In the load and material factor approach, which originated in
Europe, partial factors are applied to load and nominal values of material parameters (e.g.,
cohesion, friction angle for soil) separately, and the design verification equation is generally
expressed as follows (Phoon et al. 2003a):

 c tan(n ) 
ηFn ≤ Q  n ,

 γc
γ 


(3)
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where η = load factor, cn = nominal cohesion, n = nominal friction angle, and γ c and γ
= partial factors of safety applying to cn and n , respectively. Several codes have been developed
around the world based on this design approach, for instance, Danish Code of Practice (DGI
1985), Canadian Foundation Engineering Manual (Technical Committee on Foundations 1992),
and Euro-code 7 (European Committee for Standardization 1994). However, in these codes,
partial factors are usually determined subjectively, rather than through a rigorous calibration
process. Thus, a consistent reliability design may not be ensured.
In LRFD, partial factors are applied to load and resistance, and the design verification
equation is typically expressed as follows:
η Fn ≤ Ψ Q n

(4)

where Ψ = resistance factor.
A variant of LRFD is the multiple resistance factor design (MRFD) method (Phoon et al.
1995, Phoon et al. 2003a, Phoon et al. 2003b), in which resistance factors are applied separately
to each component of the resistance to achieve a uniform reliability. The design verification
equation of MRFD is thus expressed as follows:
η Fn ≤ Ψi Qn,i

(5)

where Ψ i = resistance factor for the ith component of total resistance, Qn,i = nominal
value of the ith component of total resistance.
In LRFD, resistance factors are usually calibrated according to the following principle:
for all design cases, the deviation from the target reliability index is minimized for the design
cases where the factored load is equal to the factored resistance. Depending on how the
uncertainty is characterized, LRFD code development can be grouped into two categories: the
lumped resistance approach and the design soil-parameter approach. In the former approach,
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uncertainty is characterized at the entire resistance level; and in the latter approach, uncertainty is
characterized at the soil-parameter level. Applications of the first approach include Barker et al.
(1991), Becker (1996), Paikowsky (2004), and Paikowsky et al. (2010). The drawback of this
approach however, is that robust statistics of the resistance is hard to obtain (Kulhawy and Phoon
2002). Statistics of the resistance are not constant values, but dependent on many factors such as
soil type, foundation geometry, and design soil parameters, etc. However, the current database is
not comprehensive enough for the statistics to be calculated for numerous combinations of these
factors. On the other hand, the statistics of design soil-parameters are much more robust (Phoon
et al. 2003a, Phoon et al. 2003b, Task Committee on Structural Loadings 1991).
3. Limit States for Design of Drilled Shafts of Electrical Transmission Line Structure,
Subject to Compression under Undrained Load Conditions
3.1 Ultimate limit state
Based on the ultimate limit state (ULS), the design of a drilled shaft is considered
satisfactory when the applied load is less than the compressive resistance. Symbolically, the ULS
function is defined as follows:

g ULS = Qc - F = 0

(6)

where F = applied load; Q c = total resistance, which is calculated as follows:

Qc = Qsc + Qtc -W

(7)

where Qsc = side resistance, Qtc = tip resistance, W= self-weight of drilled shaft. The
term Qsc is calculated as follows (Kulhawy 1983):
Qsc = πBα  su (z)dz
D

(8)

0
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where B = shaft diameter, D = foundation depth, α = adhesion factor, su = undrained
shear strength, and z = depth. The adhesion factor may be determined with the following
empirical equation (Chen and Kulhawy 1994):

α = 0.31 + 0.17pa /su + ε

(9)

where pa = atmospheric pressure  100kN/m2, and ε = a normal random variable with
mean as 0 and standard deviation as 0.1, which describes uncertainty of the empirical equation.
Tip resistance is calculated as follows (Chen and Kulhawy 1994):
Qtc =(Ncsu δcs δcd δcr +Nq γDδqs δqd δqr )Atip

(10)

where Nc = 5.14, Nq = 1, su = undrained shear strength beneath the tip, γ = total soil unit
weight, A tip = tip area, δ qs , δqd , and δ qr = foundation shape, foundation depth and soil rigidity
modifiers applied to Nq , and δ cs , δ cd , and δ cr = foundation shape, foundation depth and soil
rigidity modifiers applied to Nc . For circular foundations under undrained loading conditions, the
modifiers are calculated as follows (Danish Geotechnical Institute 1985):
δ qs = δqd = δ qr = 1

(11a)

δ cs = 1.2

(11b)

δ cd = 1+0.33[(π/180) tan-1 (D/B)]

(11c)

δcr = 0.44 + 0.60log10 (Irr )

(11d)

where Irr = reduced rigidity index = G/ su , in which G = shear modulus. Two distinct
failure modes may occur for a drilled shaft depending on Irr : general shear failure mode will
occur for Irr >8.64; otherwise, a local shear failure mode will occur. For the general shear failure
mode, δ cr = 1, thus G is not involved in the limit state function. While for the local shear failure
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mode, δ cr is determined with Equation (11d), and thus G needs to be considered. Since the
equation and parameters involved for general shear failure and local shear failure are different,
these two failure modes are considered separately in the following sections.
In an electrical transmission line structure, the compressive load mainly results from
wind load (Task Committee on Structural Loadings 1991), which is often calculated with wind
speed (v) as follows:

F = kv 2

(12)

where k = constant of proportionality, which depends on structural configuration, terrain,
and air density; and v = wind speed.
3.2 Serviceability Limit State
The following hyperbolic model is employed to describe the load-displacement relation
(Phoon et al. 1995):

F/Qc =

y/B
a + b y/B

(13)

where F = load applied, y = displacement of the shaft, Q c = total compression resistance,
and a and b = curve fitting parameters. For a given load-displacement curve, a and b can be
determined from the following equations (Phoon et al. 1995):
a = (y50 yf /B)/(yf -y50 )

(14a)

b = (yf -2y50 )/(yf -y50 )

(14b)

where yf and y50 denotes displacement corresponding to the load at failure and 50% of
the load at failure, respectively. Twenty-seven available load-displacement curves were analyzed
with Equations (14a) and (14b) by Phoon et al. (1995). The mean value of a (ma) and b (mb) are
calculated as 0.004 and 0.78 respectively, while the coefficient of variation (cov) of a and b are
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determined as 60% and 19% respectively. The parameters a and b are assumed to follow a
lognormal distribution.
The serviceability limit state of a drilled shaft is considered satisfied if the allowable
displacement ( ya ) requirement imposed by the structure is met (i.e., y < ya ). Alternatively, the
serviceability limit state may be satisfied by ensuring the applied load is less than the allowable
compression resistance ( Qca ), which is the load that yields ya . Thus, the limit state function SLS
may be expressed as follows:

gSLS = Qca - F =0

(15)

where Qca is calculated as follows Phoon et al. (1995):

 ya /B 
Qca = 
 Qc
 a + b ya /B 

(16)

Table 1. Summary of probability distribution for random variables
Parameter

Description

Distribution

Mean

V1
( m/s)
ε

Annual maximum wind speed

Gumbel

30-501

Coefficient of
variation
0.30

Error term of regression
equation for adhesion factor,
α (Equation (9))
Undrained shear strength

Normal

0

0.10

Log-normal

25-200

0.10-0.70

Shear modulus

Log-normal

0.5-7

0.30-0.90

Curve-fitting parameter for
load-displacement curve
Curve-fitting parameter for
load-displacement curve

Log-normal

0.004

0.60

Log-normal

0.78

0.19

su
( kN/m2)
G
( MN/m2)
a
b

1

value of v50
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4. Probabilistic characterization of uncertain parameters
Uncertainty in drilled shaft design can be categorized into two groups: uncertainties from
the load side and those from the resistance side. Following Phoon et al. (1995), probabilistic
distribution type and statistics for random variables for reliability analysis are summarized in
Table 1, which is discussed in detail as follows. It should be noted that these statistics are adopted
from Phoon et al. (1995) without change so that comparisons can easily be made later.
4.1 Uncertainty from load side of the equation
One of the main causes of load uncertainty is variability in wind speed acting on
electrical transmission lines. Statistics of long periods of wind speed (i.e., annual maximum wind
speed V), have been well documented and analyzed. Gumbel (Extreme Type I) distribution is
often employed as a probabilistic model of V. In design, 50-year return period wind speed (v50) is
commonly used, which is defined as the wind speed that has a 2% probability of being exceeded
in one year. For Gumbel distribution, v50 can be calculated as follows (Task Committee on
Structural Loadings 1991):
v50 = mv (1 + 2.59 cov[V])

(17)

where mv = mean value of V, and cov[V] = coefficient of variation of V. According to
Task Committee on Structural Loadings (1991), cov[V] =30% is used for all weather related load
(wind load and ice load, etc.), which is employed in this study. A typical value of v50 is between
30m/s to 50m/s.
4.2 Uncertainty from resistance side of the equation
Uncertainty in resistance is caused by uncertainty in soil parameters and model structure.
According to Phoon et al. (1995), uncertainty in soil parameters can be attributed to three major
sources: 1) inherent soil variability, 2) measurement error, and 3) transformation error. Inherent
soil variability is caused by natural geological process. Measurement error results from low
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quality equipment operation, inappropriate operating procedure and random testing effect.
Transformation error arises when correlation equations are employed to infer soil parameters used
in design (such as θ, su) from other field or laboratory measurement (e.g., SPT-N value). Thus,
the total soil parameter variability can be calculated by combining uncertainty from each source
with a second moment approach as follows (Phoon and Kulhawy 1999a, Phoon and Kulhawy
1999b):

s2d  (

T 2 T 2 T 2
)sw  ( )se  ( )s
w
e


(18)

where d = T (  m ,  ), T = correlation function between measurement (  m ) and design
soil parameter ( d ),  = transformation error, w = inherent soil variability, e = measurement error,
and s 2 =variance. Typical ranges of cov for commonly used soil parameters are summarized in
Phoon and Kulhawy (1999b).
For the drilled shaft design under compression and undrained loading condition in this
paper, the following random variables are involved: 1) adhesion factor, α ; 2) undrained shear
strength, su; 3) shear modulus, G; 4) curve fitting parameters for load-displacement curve, a and

b . As discussed earlier, uncertainty in α is described with the error term ε in Equation (9), which
is a normal random variable with a mean of 0 and a standard deviation of 0.1. Undrained shear
strength, shear modulus and parameters a and b are all described with lognormal distributions,
which can avoid inadmissible negative values.

5. Development of simplified closed-form models for reliability index
5.1 General shear failure mode
5.1.1 ULS general shear failure
In the design of the drilled shafts for the transmission line structure, load related
parameters include the 50-year return period wind speed (v50) and the constant of proportionality
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(k). Following Phoon et al. (1995), the nominal value of the load (Fn) is defined as the fifty-year
return period load (F50):
2
F50 = k v 50

(19)

In addition, the nominal value of ULS compressive resistance (Qcn) is defined as the
mean value of Q, which is calculated by setting all random variables at their mean values.
In the FS-based approach, F50 and Qcn are related through FS as follows:

F50 =

Qcn
FS

(20)

Thus, the design parameters involved in the general shear failure mode under the ULS
requirement include shaft diameter (B), shaft depth to diameter ratio (D/B), mean value of
undrained shear strength (msu), coefficient of variation of undrained shear strength (covsu), total
soil unit weight (), wind speed at 50-year return period ( v 50 ), and safety factor (FS). Ranges of
these design parameters are summarized in Table 3.2, which are adopted from Phoon and
Kulhawy (1995).
Table 2. Values of design parameters for drilled shaft design cases, ULS general failure mode for
full factor design of experiment
Design
parameters
B (m)

Parameter values
[1, 1.2,…, 2.8, 3]

Number of
levels
11

D/B

[3, 4,…, 9, 10]

8

msu (kN/m2)

e(ln(25)+n*0.25*ln(2)), n=0,1,…,12

13

covsu

[0.1, 0.15,…, 0.65, 0.7]

13

ϒ (kN/m3)

[14, 17, 20]

3

v50 (m/s)

[30, 40, 50]

3

FS

[1, 2, 3, 4, 5]

5

To facilitate the discussion presented next, it is helpful to introduce the following terms:
design case, design condition and design space.
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Design case: a unique design, in which all design parameters are specified.
Design condition: the condition that specifies soil parameters modeled as a constant (e.g.,
), soil parameters modeled as a random variable with known statistics (e.g., msu, covsu), and the
applied load (e.g., F50). For a given design condition, many alternative design cases may exist
with varying geometries (e.g., B, D/B).
Design space: the set that is composed of all possible combinations of design parameters
within their plausible ranges. Thus, the design space includes all possible design conditions, and
all design cases under each design condition.
For ULS of drilled a shaft under general failure modes, all design cases with design
parameters within their ranges shown in Table 2, comprise the design space. To perform a full
factor design of experiments within the design space, all design parameters are partitioned
uniformly within their ranges, as shown in Table 2. In the FS-based approach, a FS between 2 and
3 is commonly applied (Focht and O‘Neill 1985). However, a wider range, 1 to 5, is adopted
herein to cover a broader design space. Since msu and covsu are more influential than other design
parameters (Phoon et al. 1995), these two parameters are further partitioned. Although B and D/B
are not as influential, they are also further divided to cover possible geometric configurations of
typical drilled shafts. The parameter msu is partitioned based on its logarithm value to ensure that
the number of levels for each category of soils is equal (i.e., msu for medium clay is between
25kN/m2 and 50kN/m2; stiff clay is between 50kN/m2 and 100kN/m2; and very stiff clay is
between 100kN/m2 and 200kN/m2). In other words, ln(msu) is first uniformly partitioned, and then
the value of each level is obtained as the exponential of the partitioned logarithm value. For
general shear failure mode, δ cr is 1, and thus G does not need to be considered.
For each design case, the nominal value of ULS compression resistance, Qcn, can be
calculated with geometry parameters (B and D/B) and soil parameters (msu and ) from Equation
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(7). With Qn and FS known, F50 can be determined from Equation (20). With F50 and v50 known,
the constant of proportionality (k) can be calculated from Equation (19). With v50 known, mv can
be determined from Equation (17). With values of all deterministic variables (B, D, , and k) and
statistics (i.e., mean value and cov) of random variables (v, ε and su) obtained, reliability analysis
can be performed to calculate the reliability index for each design case. FORM is employed
herein for the reliability analysis.
To investigate the relation between FS and β, all design cases in the design space are
analyzed. In all, 669,240 designs are analyzed with the relation between FS and β is shown in
Figure 1. As observed from the figure, for designs with FS = 2, β varies from 2.1 to 3.1; for
designs with FS = 3, β varies between 2.6 and 3.8. This observation confirms that FS is not a
consistent measure of risk (or failure probability). For a target reliability index of 3.2, which is
the target reliability index for ULS-based design recommended by Phoon et al. (1995), an FS
value as large as 5 might be required.

Figure 1. Relation between FS and β for all designs for ULS
general shear failure mode
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Figure 2. Effect of each design parameter on β for ULS,
general shear failure mode
To study the relation between β and each design parameter, β of design cases with the
same level (or range) of the design parameter are averaged and plotted against design parameters
that are scaled to the range of -1 to 1, as shown in Figure 2. As observed from Figure 2, all design
parameters have a monotonic relation with β. The effect of each individual design parameter can
be gauged by the difference in the average β at two parameter levels, the lowest (-1) and the
highest (1). Thus, the effects of FS, msu, covsu, B, D/B, v50, and ϒ are represented by 2.33, -0.37, 0.69, -0.04, 0.06, 0, and 0.04 respectively. Apparently, FS is the most influential design parameter,
followed by covsu and msu, while all other design parameters have only a minor effect on β. Thus,
for the development of the intended simplified equation, FS, msu, and covsu are selected as input
parameters in the regression analysis. As observed in Figure 2, covsu has a nearly linear relation
with β, while the relation between FS and β, and between msu and β, exhibit more nonlinearity.
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Several forms of the regression equation are tried with the data set obtained through the
reliability analysis of 669,240 designs for the scenario of ULS general shear failure mode. The
following equation is judged the best model overall based on ease of use, accuracy and precision:

βpred  a1  b1ln(FS)  b2 ln(msu )  b3cov su  c1ln(FS)  ln(msu )
(21)

 c2 ln(msu )  cov su  c3ln(FS)  cov su
where βpred = β predicted with the regression equation.

While the ease of use criterion is subjective, accuracy and precision are objective
measures in terms of bias and standard deviation, respectively, defined as:
N

β bias =

 (β

(22)

N
N

β =

-β pred,i )

actual,i

i=1

 (β

actual,i

-β pred,i )2

i=1

(23)

N

where βbias = bias of the regression equation, β = standard deviation of the regression
equation, N = number of design cases, βactual,i = actual β of the ith design, βpred,i = β of the ith design
case predicted from regression equation.
For the cases of ULS under general shear failure mode, the regression analysis yields

βbias = 0 ,  = 0.045, and maximum error (max) = 0.255, respectively. These results are deemed
acceptable, and the resulting coefficients a1, b1, b2 , b3 , c1, c2 , c3 are: 1.767, 1.887, 0.08, 1.011, 0.071, -0.441, and -0.347 respectively. A plot of predicted β versus ―actual‖ β (defined herein as
those obtained by FORM) is shown in Figure 3.
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Figure 3. Actual β (obtained by FORM) vs predicted β for all design cases for ULS general shear
failure mode

5.1.2 SLS general shear failure
In addition to those design parameters considered in the ULS general shear failure,
another parameter, allowable displacement (ya), is added to the equation for the SLS general shear
failure mode. In Phoon and Kulhawy (1995), ya = 25mm is used in their calibration study. Here,
we cover ya in three levels, 25mm, 37.5mm, and 50mm in the calibration process. For each design
case in ULS, a unique SLS design case can be determined for each ya. Thus, the total number of
SLS design cases in the entire design space considered is 669,240 multiplied by 3, or 2,007,720
cases.
The same process used to develop the simplified equation presented previously is
repeated for SLS general shear failure mode. Average β under each level of each design
parameter is plotted against scaled design parameters in Figure 4. The effects of parameters FS,
msu, covsu, ya, B, D/B, v50, and ϒ are calculated to be 2.23, -0.30, -0.64, 0.23, -0.37, 0.05, 0, and
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0.03, respectively. Again, FS is the most influential design parameter, followed by covsu, B, msu
and ya, while all other design parameters only have minor effect on β.
Recall Equation (21) which included FS, msu, covsu in the regression for the ULS general
shear failure. For the SLS general shear failure, the effects of B and ya are significant, and thus
they should also be included in the regression equation. To this end, the basic form of Equation
(21) is retained, with a slight modification:
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Figure 4. Effect of each design parameter on β for SLS, general
shear failure mode

βpred  a1  b1ln(FSSLS )  b2 ln(msu )  b3covsu  c1ln(FSSLS )  ln(msu )
 c2 ln(msu )  covsu  c3ln(FSSLS )  covsu

(24)

where FSSLS is defined as follows:

FSSLS =

Qcan
F50

(25)

where Qcan = nominal value of SLS compression capacity, which is calculated as follows:
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Qcan =

ya /B
Qcn
ma +mb ya /B

(26)

where ma = mean value of a, mb = mean value of b.
Substituting Equation (20) and Equation (26) into Equation (25), the following relation is
established between FSSLS and FS:
FSSLS =

ya /B
FS
ma +mb ya /B

(27)

Figure 5. Actual β (obtained by FORM) vs predicted β for all design
cases for SLS general shear failure mode
As revealed by Equation (27), FS, B and ya are all encapsulated in FSSLS. With all
influential design parameters (i.e., FS, covsu, B, msu and ya) considered, Equation (24) is a suitable
form for regression analysis, which yields coefficients as follows: a1 = 1.771, b1 = 1.764, b2 =
0.074, b3 = 0.933, c1 = -0.061, c2 = 0.414, and c3 = -0.289. The standard deviation of the reliability
index β is calculated to be 0.046, and max is calculated to be 0.274. Figure 5 shows the scatter of
the regression of predicted β versus actual β.
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5.2 Local shear failure mode
5.2.1 ULS local shear failure
Compared to ULS with general failure mode, two additional design parameters, which
need to be considered for ULS local shear failure mode, are mean value of G (mG) and cov of G
(covG). The typical range for mG is 0.5MN/m2 to 7MN/m2, and a typical range of msu is between
25kN/m2 and 200kN/m2. For the local shear failure mode, the requirement mIrr = mG/msu <8.64
should be satisfied, where mIrr is mean value of Irr. To satisfy this requirement, for mG =
0.5MN/m2, msu should be larger than 57.9kN/m2; and for msu = 200kN/m2, mG should be less than
1.728MN/m2. Thus, 0.5MN/m2 and 1.728MN/m2 are used as the lower and upper bounds of mG,
respectively; and likewise, 57.9kN/m2 and 200kN/m2 are used as lower and upper bounds of msu,
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Figure 6. Effect of each design parameter on β for ULS,
local shear failure mode
respectively. Both msu and mG are partitioned uniformly into five levels, based on a logarithm
value. The term covG is also partitioned uniformly into five levels, based on arithmetic value. It
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should be noted that not all combinations of mG and msu satisfies the requirement of mIrr < 8.64,
and only those design cases satisfying this requirement are considered.

Figure 7. Actual β (obtained by FORM) vs predicted β for
all design cases for ULS local shear failure mode
Figure 6 shows the average β under each level for each design parameter plotted against
scaled design parameter. The effects of parameters FS, covsu, covG, B, D/B, v50, and ϒ are
calculated to be 2.29, -0.65, -0.08, -0.03, 0 and 0.03, respectively. As expected, FS is the most
influential design parameter, followed by covsu, while all other design parameters only have a
minor effect on β. According to Phoon et al. (1995), the effect of mG on β is insignificant, thus it
is not included in the regression equation. Through regression analysis that adopts the form of
Equation (3.21), coefficients are calculated to be a1 = 1.96, b1 = 1.845, b2 = 0.018, b3 = 0.291, c1 =
-0.06, c2 = -0.227, and c3 = -0.326. The standard deviation of the reliability index β is calculated
to be 0.044, and max is calculated to be 0.299. Figure 7 shows the scatter of the regression of
predicted β versus actual β.
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5.2.2 SLS local shear failure
In addition to those design parameters considered in the ULS local shear failure, an
additional design parameter, ya, is considered for SLS local shear failure mode. Three levels of ya
are considered, including 25mm, 37.5mm, and 50mm, in the design space.
Average β under each level for each design parameter is plotted against the scaled design
parameter, as shown in Figure 8. The effects of parameters FS, covsu, covG, ya, B, D/B, v50, and ϒ
are determined to be 2.20, -0.67, 0, 0.23, -0.35, -0.02, 0 and 0.02, respectively. Again, FS is the
most influential design parameter, followed by covsu, B, and ya, while all other design parameters
have a minor effect on β. Through the regression analysis that adopts the form of Equation (24),
coefficients are calculated to be a1 = 1.883, b1 = 1.732, b2 = 0.041, b3 = 0.409, c1 = -0.047, c2 = 0.26, and c3 = -0.311. In this case, the standard deviation of the reliability index β is calculated to
be 0.036, and max is calculated to be 0.231. Figure 9 shows the scatter of the regression of
predicted β versus actual β.
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Figure 8. Effect of each design parameter on β for SLS, local
shear failure mode
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Figure 9. Actual β (obtained by FORM) vs predicted β for all
design cases for SLS local shear failure mode

6. Comparison with MRFD and LRFD Approach
In Phoon et al. (1995), LRFD and MRFD approaches are provided for ULS design of
drilled shafts under compression with undrained loading condition, in which the design
verification equations are as follows:
F50 = ΨcQcn

(28a)

F50 = ΨscQscn +ΨtcQtcn- ΨWW

(28b)

where Qcn= Qscn+Qtcn-W, Qscn = nominal value of side resistance, Qtcn = nominal value of
tip resistance, and Ψc, Ψsc, Ψtc, and ΨW = resistance factors. Since the reliability index is greatly
influenced by msu and covsu, it is hard to find resistance factors that can achieve target reliability
uniformly for the entire design space. Similar phenomenon is observed by Honjo et al. (2002) in
developing partial factors for vertically loaded piles, in which partial factors are determined to be
functions of dimensions (i.e., pile length and diameter). For this reason, the design space is
generally partitioned into sub-spaces according to the value of msu and covsu, and the calibration
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is performed within each sub-space. Resistance factors for ULS designs of drilled shafts under
undrained loading condition are summarized in Table 3. Because probabilistic characteristics of
each component (i.e., Qsc and Qtc) of the total resistance (i.e., Qc) may be different from each
other, in MRFD, resistance factors are applied to each component separately. MRFD is proved
capable of achieving the target reliability index with less deviation (i.e., no more than 25%) than
LRFD (Phoon et al. 1995).
Table 3. Resistance factors for ULS general shear failure mode – LRFD and MRFD
covsu
Failure Mode
Clay
(%)
General Shear Medium
10-30
30-50
50-70
Stiff
10-30
30-50
50-70
Very stiff
10-30
30-50
50-70
Local Shear
Medium
10-30
30-50
50-70
Stiff
10-30
30-50
50-70
Very stiff
10-30
30-50
50-70
(1)
2
2
25kN/m <msu<50kN/m for medium clay,
100kN/m2<msu<200kN/m2 for very stiff clay
(1)

Ψc
Ψsc
Ψtc
0.45
0.45
0.45
0.42
0.42
0.42
0.38
0.38
0.38
0.44
0.44
0.44
0.4
0.4
0.4
0.35
0.35
0.35
0.43
0.43
0.43
0.38
0.38
0.38
0.32
0.32
0.32
0.45
0.45
0.45
0.42
0.42
0.42
0.39
0.39
0.39
0.43
0.43
0.43
0.4
0.4
0.4
0.36
0.36
0.36
0.42
0.42
0.42
0.38
0.38
0.38
0.33
0.33
0.33
2
50kN/m <msu<100kN/m2

ΨW
0.45
0.42
0.38
0.44
0.4
0.35
0.43
0.38
0.32
0.45
0.42
0.39
0.43
0.4
0.36
0.42
0.38
0.33
for stiff

clay,

In order to compare the accuracy of the proposed closed-form equations with MRFD, all
design cases for ULS general shear failure mode are re-analyzed with the MRFD approach. For
each design case, Qscn, Qtcn, and W are first calculated from corresponding equations with the
geometry parameters (i.e., B and D/B) and soil parameters (i.e., msu and ). Then, F50 is calculated
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from the MRFD checking equation (i.e., Equation (28b)) using resistance factors that have been
determined from Table 3. If the resistance factors have been calibrated with high accuracy, then
the reliability index β of each design case should be approximately equal to 3.2. We then repeat
this analysis for all design cases, and check the accuracy of the calibrated resistance factors by
examining the statistics of β for each sub-space. The results are summarized in Table 4, which
lists the mean (mβ), standard deviation (β) and maximum error (max) of an individual design
case from the mean.
Table 4. Accuracy and precision (in terms of β and max) for MRFD approach

3.16

β
0.054

max
0.16

30-50

3.091

0.081

0.26

50-70

3.05

0.097

0.25

10-30

3.149

0.088

0.17

30-50

3.06

0.0102

0.26

50-70

2.995

0.112

0.26

10-30

3.141

0.085

0.18

30-50

3.053

0.120

0.25

50-70

2.958

0.124

0.26

Clay(1)

covsu (%)

mβ

Medium

10-30

Stiff

Very stiff

(1)

25kN/m2<msu<50kN/m2 for medium clay, 50kN/m2<msu<100kN/m2 for stiff clay,
100kN/m2<msu<200kN/m2 for very stiff clay
(2)
mβ = mean value of β for all design cases within that sub-space, β = standard deviation of β
for all design cases within that sub-space, and max = the maximum absolute difference between β
of each of all cases within that sub-space and mβ for that sub-space.
The results (Table 4) show that back-calculated mβ is smaller than the target reliability
index of 3.2. Comparing mβ for the sub-space with the same msu range (described as either
medium clay, stiff clay, or very stiff clay in Table 4) but with different covsu range, it is found
that the larger the covsu is, the larger the bias of mβ is from 3.2. While comparing mβ for the subspace with an identical covsu range, the same phenomenon is observed for msu, i.e., the larger the
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msu is, the larger the bias of mβ is from 3.2. The standard deviation β ranges from 0.054 to 0.124
for different subspaces, which is larger than the variation of the regression equation (0.045). The
maximum error max ranges from 0.16 to 0.26, which is comparable to that of the proposed
regression equation (0.255). Thus, the proposed regression equation is comparable in accuracy
with the MRFD approach.
Comparing Equation (28a) and Equation (20), the following relation can be established:
Ψc = 1/FS

(29)

Table 5. Ranges of FS and Ψc obtained using the regression equation for target reliability index
=3.2
Clay(1)
Medium

Stiff

Very stiff

(1)

covsu (%)

FS range

Ψc range

10-30

2.14-2.43

0.41-0.47

Ψc based on
LRFD calibration
0.45

30-50

2.31-2.80

0.35-0.43

0.42

50-70

2.53-3.27

0.31-0.39

0.38

10-30

2.13-2.56

0.39-0.47

0.44

30-50

2.43-3.11

0.32-0.41

0.4

50-70

2.80-3.86

0.26-0.36

0.35

10-30

2.15-2.72

0.37-0.47

0.43

30-50

2.56-3.49

0.29-0.39

0.38

50-70

3.11-4.61

0.22-0.32

0.32

25kN/m2<msu<50kN/m2 for medium clay,
100kN/m2<msu<200kN/m2 for very stiff clay

50kN/m2<msu<100kN/m2

for

stiff

clay,

Thus, for each subspace, based on the ranges of msu and covsu, the range of FS can be
back-calculated from Equation (21) or (24) for a given target reliability index, which in turn, will
yield the range of Ψc based on Equation (29). Therefore, with the developed closed form equation,
the required range of Ψc for any given target reliability index can be easily back calculated,
without the need of the tedious LRFD calibration process. The range of Ψc for a target reliability
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index of 3.2 for the ULS general shear failure mode is obtained and listed in Table 5. As can be
observed, for covsu = 10-30%, Ψc provided by Phoon et al. (1995), which is described as ‗Ψc
based on LRFD calibration‘ in Table 5, is close to the median of the range of Ψc calculated from
the proposed equation. While for covsu = 30-50%, and covsu = 50-70%, Ψc provided by Phoon et al.
(1995) is close to the upper bound of the range of Ψc determined from the proposed equation, but
is much greater than the lower bound. As a result, for a given F50, a smaller Qcn will be calculated
from Equation (28a), leading to a design with reliability index less than the target reliability index.
With the proposed equation, resistance factors for any specified target reliability index can be
easily determined.
7. Relation between ULS Reliability Index and SLS Reliability Index
As pointed out by Wang and Kulhawy (2008), most reliability-based designs merely
consider ULS, while SLS is commonly evaluated in a deterministic way. For designs with greater
limiting values of ya, the SLS reliability index requirement is satisfied automatically if the ULS
reliability index requirement is satisfied; for design with smaller limiting values of ya, however,
the SLS requirement controls the design (Wang and Kulhawy 2008).
Figure 10 and Figure 11 show the relation between reliability index β obtained with ULS
(denoted herein as ULS β) and that obtained with SLS (denoted herein as SLS β) for all design
cases for general shear failure mode and local shear failure mode respectively. As expected, at a
greater level of ya, SLS β is greater than βULS, and thus the ULS requirement controls the design.
In the work of Phoon et al. (1995), the target values for ULS β and SLS β are selected at 3.2 and
2.6 respectively, for design of drilled shafts based on the reliability index. As observed from
Figure 3.10 and Figure 3.11, for all designs with ULS β = 3.2, SLS β is greater than 2.6. Thus, the
SLS target reliability index will be satisfied automatically once the ULS target reliability is
satisfied.
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Figure 10. Relation between ULS β and SLS β under different ya for general shear
failure mode

Figure 11. Relation between ULS β and SLS β under different ya for local shear failure
mode
8. Reliability-based Design Approach
One of the rational approaches to determine the target reliability involves the use of total
cost-benefit analysis (Mortensen 1993), which includes the initial cost, the maintenance cost and
the expected failure cost. The reliability index of a design with a minimal total cost is the
optimum target reliability index. However, the difficulty of evaluating the failure cost and
varying maintenance cost makes this approach hard to implement. Another approach, more easily
implemented, is based upon the reliability index implicit in the current design practice, which is
commonly used for code calibration (Ellingwood et al. 1980, Moses and Larrabee 1988, Phoon et
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al. 1995). For a drilled shaft design, Phoon et al. determine that the target reliability index was 3.2
and 2.6 for ULS and SLS, respectively (Phoon et al. 1995).
To deal with the subjectivity involved in determining the target reliability index, two
design procedures are discussed for implementing the RBD approach. The first is the site-specific
FS-based design procedure, with which the designer selects a target reliability index with greater
flexibility, and the second is the Pareto front-based design procedure, which provides the designer
with a concept that is optimal for both cost and risk. The Pareto enables designers to engage in
decision-making based upon tradeoffs between cost and risk (reliability index).
8.1 Site specific FS-based design procedure
Though load and resistance factor design (LRFD) codes are available to conduct
reliability-based design, the factor of safety (FS) based design method is perhaps still the most
widely used method. In their questionnaire of how often the FS-based approach is used compared
to the LRFD approach in deep foundation bridge design, Paikowsky et al. (2004) discovered that
90% of respondents used the FS-based approach, while only 28% used the LRFD approach. This
vast discrepancy is partly due to the intuitiveness and simplicity of the FS based design method.
Considering that designers are more comfortable and familiar with the traditional FS-based
design approach, the author also proposed using the site-specific FS-based design procedure as
one design procedure. Although known as the ―site specific FS-based‖ design procedure, we will
show that it is actually a form of the RBD procedure in the sense that the target reliability index is
satisfied through a site-specific FS.
The first step for site-specific FS-based design procedure is to select a target reliability
index. For a given target reliability index (βT), the corresponding target FS (FST) can be back
calculated from Equation (3.21) as follows:
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 β  a1  b2 ln(msu )  b3covsu  c2 ln(msu )covsu 
FST  exp  T

b1  c3covsu  c1 ln(msu )



(29)

A design satisfying FST can be determined through a trial and error process. Since FST
corresponds to βT, the target reliability index will be satisfied automatically once FST is satisfied.
For a given βT, FST completely depends upon msu, covsu, which are site-specific characteristics;
thus the procedure is referred to as site specific FS-based design procedure.

Figure 12. A target FS for a given target reliability index for the ULS, general shear
failure: (a) βT =2.8; (b) βT =3.2; (c) βT =3.6; (d) βT =4.0
The contour plot of FST for βT =2.8, 3.2, 3.6 and 4.0 for ULS of general shear failure
mode and local shear failure mode is shown in Figures 12 and 13 respectively. From the contour
plots, FST can be read off directly for a given set of msu and covsu, in lieu of Equation (29).

65

Figure 13. A target FS for a given target reliability index for the ULS, local shear
failure: (a) βT =2.8; (b) βT =3.2; (c) βT =3.6; (d) βT =4.0
The site-specific FS-based design procedure is superior to the traditional FS-based
approach and the LRFD approach in two distinct facets.
1) Compared to the traditional FS-based design approach, only an additional step of
determining FST is needed, while the simplicity and intuitiveness of the traditional FS-based
design approach is retained. Furthermore, the desired target reliability index can easily be
achieved, thus fulfilling the purpose of the reliability-based design.
2) Compared to the LRFD approach, the site-specific FS-based design procedure allows
the designer to select the target reliability index. In the current LRFD approach, load and
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resistance factors are calibrated for a certain target reliability index value, which are not
applicable when a different reliability index (risk level) is desired.
8.2 Pareto front-based design procedure
8.2.1 Motivation
Safety and cost are two major concerns for any viable design, and a trial and error
approach is often used to find one that is suitable. However, there is no guarantee that the
acquired design is the most economical. An alternate approach is cost optimization, with which
the least-expensive design that satisfies the safety requirement is sought through an optimization
process. The cost optimization approach is referred to as Reliability-Based Design Optimization
(RBDO) if the safety constraint is expressed in terms of either a target reliability index or a
probability of failure. When the LRFD code is available, reliability can be checked by an LRFD
verification equation (Wang 2009). Otherwise, an evaluation of the reliability index for each
potential design is necessary. A reliability analysis, such as a Monte Carlo simulation or first
order reliability method (FORM) is often computationally prohibitive, especially when coupled
with cost optimization.
In RBDO, the obtained design is the most economical only for the given target reliability
index. For a higher target reliability index requirement, a less economical design would be
obtained, whereas for a lower target reliability index requirement, a more economical design
would be obtained. Considering the large subjectivity in determining a target reliability index, it
is difficult to determine if the optimum design under one reliability index is a better choice than
another optimum design under another (i.e., smaller or larger) target reliability index. In this
chapter, we introduce the Pareto front-based design procedure in which the least expensive
designs that are conditional to a reliability index value are presented in the form of a Pareto front.
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Thus, designers can make tradeoff decisions between the reliability index and the cost
accordingly.
8.2.2 Strength of Pareto front-based design procedure
By treating reliability index and cost as two objectives, a tradeoff decision between cost
and reliability (failure probability) may be made based upon the acquired Pareto front. The design
approach based on a Pareto front is referred to herein as a Pareto front-based design procedure,
with two main advantages as described below.
According to the definition, for an identical economical cost in a Pareto front, the designs
within that front are safer than all other designs, and for an identical measure of safety, the
designs within the Pareto front are more economical than all other designs. Furthermore, for any
given dominated design, at least one ‗superior‘ design is within the Pareto front. Thus, unlike
traditional trial and error design processes, design efficiency is ensured.
In traditional reliability-based design optimization, the amount of additional cost that is
required for a higher target reliability index is not known. With the Pareto front however, this
information is made readily available, thus ensuring a more informed decision-making process.
Based on the Pareto front, a designer may determine whether an increase in cost for less risk is
worthwhile, based upon such criteria as the cost-risk tradeoff, preference of the client, budget
availability, and importance of the structure. Thus, compared to traditional reliability-based
design optimization, the Pareto front-based design procedure allows for a more informed decision.
8.2.3 Methods for Constructing the Pareto front
Various methods, e.g. the weighted sum method (Zadeh 1963), goal programming
(Charnes and Cooper 1977), compromise programming (Chen et al. 1999), physical programming
(Messac et al. 2001), and the Non-dominated Sorting Genetic Algorithm II (Deb et al. 2002) are
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available for the multi-objective optimization, a comprehensive survey of which is provided in
(Marler and Arora 2004).
Optimization theory is generally not practical in routine design, which partially explains
why reliability-based design optimization is widely researched but rarely applied in practice.
Therefore, to facilitate the use of the proposed Pareto front-based design procedure, an easy-touse procedure is needed to construct the Pareto front. In geotechnical design, the number of
controllable parameters (i.e., geometric parameters), representing the parameter that can be
adjusted (or designed) for a given site and load, is typically very low. For convenience, geometric
parameters are commonly treated as multiples of unit dimensions (e.g., 0.1 m or 3 in.), making
the total number of possible designs finite. As a result, an approach based on enumeration and
visualization can be employed to construct the Pareto front, which is summarized below:
1) Determine the range of control parameters (such as the diameter and depth of a drilled
shaft), and define the possible solution space that consists of a finite amount of possible designs
that are to be evaluated;
2) Calculate the cost for each possible design in the solution space. For illustration
purposes, the cost is referred to as the initial cost herein, which includes material and labor cost;
3) Evaluate each design for its reliability index using the developed closed-form
equations;
4) Plot cost versus the reliability index for all designs;
5) Determine the Pareto front visually.

8.3 Application
The proposed site-specific FS-based and Pareto front-based design procedures are
illustrated using the design example in (Phoon et al. 1995), as shown in Figure 14. The drilled
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shaft is installed in stiff clay with a total unit weight ϒ =18kN/m3, msu=90 kN/ m2, and the water
table at ground level. The shaft is subjected to a compression load with a fifty-year return period
value F50=800 kN, and general shear failure mode is assumed. A direct measurement method is
employed to obtain soil parameters, and covsu is determined to be 20%.

Figure 14. A design example of the drilled shaft in an undrained
compression
Table 6. Summary of the drilled shaft unit construction costs (adapted from R. S. Means Co. 2007)
Shaft
diameter,
B (m)

National average unit construction
cost (for shaft depth D=0.3m)

0.9

77.5 U.S. dollars

1

90.3 U.S. dollars

1.1

103.2 U.S. dollars

1.2

116 U.S. dollars

1.3

129.7 U.S. dollars

1.4

143.3 U.S. dollars

1.5

157 U.S. dollars

1.6

171.5 U.S. dollars

1.7

186 U.S. dollars

1.8

200.5 U.S. dollars
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Unit cost data, such as the annually updated Means Building Construction Cost Data (R.
S. Means Co. 2008), can be employed to estimate the initial cost. Unit cost for constructing
drilled shafts in the U.S. is summarized in Table 6.
Assuming βT = 3.5, the corresponding FST is determined to be 2.85 from Equation (3).
For a trial design with B = 1.2 m, D = 8.6 m, foundation weight (W), nominal side resistance
(Qscn) and nominal tip resistance (Qtcn) are determined to be 233 kN, 1456 kN and 1108 kN
respectively. FS is calculated as (Qscn+ Qtcn-W)/F50 = 2.91, thus satisfying the FST requirement for
this design. The actual reliability index for this design can be checked with the well-established
first order reliability method (FORM), and in this case is found to be 3.53. Thus, with the sitespecific FS-based design procedure, a user specified risk (target reliability) can be achieved, and
only one additional step of determining FST is needed, compared to the traditional FS-based
design approach.
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Figure 15. The Pareto front designs and the dominated design for the
design example of the reliability based design approach
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Next, the approach based on enumeration and visualization is applied to obtain the Pareto
front. By treating B as a multiple of 0.1m, and D as a multiple of 0.2m between 3B~10B, the total
number of designs is 480. With β against the initial cost plotted for all designs as shown in Figure
6, the Pareto front can be determined visually, which is the right bottom boundary of the solution
space, as indicated with a ‗square‘ in Figure 15. The total number of Pareto front designs is 40.
The design with B =1.2 m, D = 8.6 m determined through the site-specific FS-based
design procedure, is also shown in Figure 15, denoted as design 1, with an initial cost and β of
$3325 and 3.53 respectively. For purposes of comparison, two designs are selected from the
Pareto front denoted as Design 2 (i.e., B =1.7 m, D = 5.3 m, with an initial cost = $2460, β = 3.54)
and design 3 (i.e., B = 1.5 m, D = 4.7 m with an initial cost = $3286, β = 3.91). Comparing
Design 2 to Design 1, with similar risk (or reliability), the initial cost is reduced by 26%. While
comparing Design 3 to Design 1, with a similar initial cost, the reliability index is increased from
3.53 (probability of failure = 2.1×10-4) to 3.91 (probability of failure = 4.6×10-5). Thus, improved
design efficiency is possible with the Pareto front-based design procedure.
An analysis of the dimensions of designs in Figure 15 shows that a smooth curve can be
used to link all designs with the same diameter. Furthermore, the curves from the leftmost to
rightmost were found to correspond to designs ranging from B = 0.9 m to B =1.8 m sequentially.
As shown in Figure 15, among all designs with the identical initial cost, a larger diameter
indicated a safer design. Under the given design conditions, for each given B, a larger D indicates
a larger initial cost and larger reliability index; thus the points on each curve from the bottom left
to top right correspond to the shallowest design to the deepest design sequentially. As observed
from Figure 15, Pareto front designs are the first few shallowest designs for each B. For those
with an initial cost greater than $4010, the designs with B = 1.8m have a larger β than all other
designs with identical cost; thus they dominate all other designs. They are not Pareto front
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designs, however, if designs with larger B (e.g., B >1.8m) are included. Dimensions for all
designs are shown in Figure 16. As can be observed, D/B for all Pareto front designs is less than
3.7. Thus, if the designer feels reluctant to use the approach based on enumeration and
visualization, design efficiency can also be ensured with a trial and error process by satisfying the
criterion: D/B ≤ 3.7.
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Pareto front designs
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Figure 16. The dimensions for the dominated and Pareto front designs
The criterion ―D/B ≤ 3.7‖ for ensuring design efficiency is established based upon
dimensions of Pareto front designs under the design condition: msu = 90kN/m2, covsu = 20%, and
F50 = 800kN. For a different design condition, the Pareto front and dimensions of the Pareto front
may differ, however, the criterion ―D/B ≤ 3.7‖ might be inapplicable. To study how the criterion
is influenced by msu, covsu and F50, three representative values are considered for msu, covsu and
F50: msu = [35 90 160] kN/m2, covsu = [20% 40% 60%], and F50 = [400 800 1200] kN, respectively.
Note that each combination of msu, covsu and F50 represents a typical design condition, and the 33
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combinations of msu, covsu and F50 are considered adequate for covering typical design conditions
within the solution space. The Pareto front was constructed for all these design conditions. The
results indicate the dimension of the identified Pareto front designs is exactly identical for all
design conditions. In using the same process for local shear mode, the identical dimensions of
Pareto front designs are identified. Thus, the criterion ―D/B ≤ 3.7‖ for ensuring design efficiency
is applicable to drilled shafts subjected to compression in an undrained loading condition for both
failure modes using the reliability-based design approach.
As explained below, Pareto front designs are independent of covsu. In other words, the
given msu and F50, dimensions of the Pareto front designs under different assumed covsu are
identical. According to the closed-form equation, for a given set of msu, covsu and F50, the β of a
design will be completely dependent upon the FS. Furthermore, a higher FS is equivalent with a
larger β, as the coefficient of ln(FS): b1  c3covsu  c1 ln(msu ) is always positive (i.e., a value
between 1.268 and 1.624, dependent on msu and covsu). Thus, for two designs under the same
design condition (i.e., having identical msu, covsu and F50), if the FS of design A is larger than that
of design B, the β of design A is always greater than that of design B for any covsu. Finally, as the
initial cost of a design is irrelevant to covsu, if design A has lower cost than design B under a
given covsu, it would have a lower cost for a different covsu. Consequently, if design B is
dominated by design A for a given covsu, it is also dominated by design A for any other covsu. In
other words, the domination relation between any two designs is not influenced by covsu, and thus
Pareto front designs will be identical for different values of covsu.
To study the effect of covsu on the acquired Pareto front designs, Pareto front designs for
design conditions with msu = 90 kN/m2 and F50 = 800 kN, are plotted at different covsu levels, as
shown in Figure 17. For each design, the initial cost remains unchanged for a different covsu,
meaning that all designs with an identical initial cost have the same dimensions in Figure 16.
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However, β is greatly influenced by covsu, the larger covsu is, the smaller β becomes. As observed,
for a target reliability index of say, 3.5, the initial costs for covsu = 20%, 40%, and 60% are $2355,
$3087 and $3876, respectively, in the Pareto front. Thus, design efficiency can be achieved by
reducing covsu.
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Figure 17. The Pareto front for different assumed covsu
The covsu is highly dependent upon measurement methods, the correlation equation
employed in estimating su, and experimental quality in addition to soil variability. For instance,
undisturbed sampling and triaxial testing may show covsu to be quite low, even as low as 10%
(Kulhawy and Phoon 2006, Phoon and Kulhawy 1999a, Phoon and Kulhawy 1999b). However,
covsu would be much higher if su is inferred from standard penetration test (SPT) N value or a
simple index such as the plasticity index, even as high as 70%. With the pocket penetrometer,
covsu is commonly larger than 100%. A higher covsu will result in a smaller β, which reflects the
principles of reliability theory. Consequently, more accurate results (i.e., smaller covsu) require a
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higher site investigation cost. For a given target reliability index, the initial cost would be reduced
due to the reduction in covsu. Thus, a tradeoff between the initial cost and the site-investigation
cost is necessary for optimizing the site investigation and/or testing program.
9. Second order reliability-based design approaches
9.1 Second order reliability-based design approach development
As the cov of a soil parameter is highly dependent upon the site condition (i.e. the spatial
variability, quality of experiment, and the precision of correlation model), the cov of soil
parameters reported from different sources vary significantly (Phoon and Kulhawy 1999a, Phoon
and Kulhawy 1999b). Uncertainty in cov is roughly categorized as epistemic uncertainty, in that it
may be reduced to some extent by i) employing a measurement method and correlation model of
higher accuracy, ii) better control of experiment quality, and increasing the number of tests
(Bourdeau and Amundaray 2005, Jaksa et al. 2005).
To address the dilemma between under-design and over-design caused by uncertainty in
the estimated cov of soil parameters, a novel design approach is developed known as the second
order reliability based-design (SRBD). In this approach, the mean values of soil parameters are
assumed as fixed values due to relatively smaller amount of uncertainty. The cov of soil
parameters is assumed to be a random variable, the statistics of which are estimated based on that
reported in literature. Unlike that conventional concept, an improved method to estimate the ―true‖
reliability index by explicitly considering uncertainty in the cov of the soil parameter is proposed.
The new second order reliability-based design known is outlined as the ―true reliability index‖
(βTR) below.
The first step entails quantifying the statistics (mean value and standard deviation) of cov
of uncertain soil parameters. Here the ‗3-sigma rule‘ is used (Duncan 2000), which allows us to
estimate the standard deviation of a random variable as 1/6 of the difference between the highest
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and lowest conceivable value. To ensure the conservative nature of our design, we used 1/4
instead of 1/6, as suggested by Duncan (2001). Typical ranges of covs for soil parameters that are
required for drilled shaft design are summarized elsewhere (Phoon and Kulhawy 1999b). The
mean value of cov, denoted as μcov may be taken as the median of the range of cov, as reported in
literature. While the standard deviation of cov, denoted as ζcov, may be determined in such a way
that μcov± 2ζcov covers the suggested range of cov. For instance, the range of covsu is 10% to 70%
(Phoon and Kulhawy 1999a, Phoon and Kulhawy 1999b), thus μcovsu and ζcovsu are determined to
be 40% and 15% respectively.
With cov treated as a random variable, for a given set of control parameters and mean
values of soil parameters, the reliability index β is also a random value. The Mean value of β
(denoted as μβ) and standard deviation of β (denoted as δβ), can then be calculated as follows:



μβ = β(cov)  p(cov)  d cov

(30)

 β(cov)  μ 

(31)

δβ 2 

β

2

 p(cov)  d cov

where p(cov) is joint probability density of cov. Herein, a normal cov distribution is
assumed.
With the total probability theorem, the second order reliability index or true reliability
index βTR can be calculated as follows:

TR =  1







Φ(β)   β   dβ



(32)

 β-μ β  1
 ; Φ(β) is the
where  β  is the probability density of β, which equals  
 δβ  δβ


probability that the limit state is satisfied. Note that the underlying assumption here is that β is
normally distributed, which holds for the drilled shaft case we consider, since both covsu and η are
normal random variables.
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Herein, the design approach based upon βTR is now known as the second order reliability
based design (SRBD) method. Unlike traditional reliability based designs, which merely deal
with uncertainty in soil parameters (known as first order uncertainty), uncertainty in the estimated
statistics of soil parameters is also considered in SRBD. It should be emphasized that use of
SRBD, as formulated below, requires little additional effort over the traditional reliability index
(Equation (21)) on the part of the user.
For each given pair of μβ and δβ (Equations (30) and (31)), the true reliability index TR
can be calculated by means of numerical integration. For each combination of μβ in the range of 1
to 5 with an interval of 0.1, covβ (where covβ = δβ/μβ) in the range of 0.03 to 0.3 with an interval
of 0.03, TR is calculated. Figure 18 shows the relationship of TR versus μ β for various covβ
levels. The results suggest that at each covβ level, the TR -μβ curve can be approximated with a
second order polynomial function:

TR = a1+ a2 μβ+ a3 μβ2…………………………… …..

………………..……. (33)
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Figure 18. The μβ versus the βTR curve under several
assumed covβ
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The coefficients a1, a2, and a3 for each covβ, as well as the coefficient of determination
(R2) of the curve fitting, are summarized in Table 7. As observed, the true reliability index TR is
smaller than μβ; the larger covβ is, the larger the difference between TR and μ β becomes. As
observed from Figure 3.18, for μβ =3.0 (the failure probability =1.3×10-3), TR ranges from 2.98
to 2.23, for covβ between 0.03 and 0.3. As a result, the common practice of using the mean value
of cov in the reliability-based design code calibration could lead to an overestimation of the true
reliability index, the significance of which depends upon the magnitude of covβ.
Table 7. Coefficient of approximation equations under each covβ
Coeff.

covβ
0.03

0.06

0.09

0.12

0.15

0.18

0.21

0.24

0.27

0.3

a1

-0.004

-0.0147

-0.0297

-0.0458

-0.0607

-0.0728

-0.0817

-0.0875

-0.0905

-0.0913

a2

1.0106

1.0382

1.0725

1.1021

1.1189

1.1196

1.1041

1.0746

1.0346

0.9871

a3

-0.0084

-0.0296

-0.0541

-0.072

-0.0765

-0.0656

-0.0402

-0.0035

0.0411

0.0901

1

1

1

1

1

1

1

0.9999

0.9998

0.9997

2

R

The knowledge derived from Equation (33) suggests the true reliability index TR can be
accurately estimated with a known μβ and δβ. Thus, a further regression analysis is performed,
which yields the following equation (R2 = 0.9995):

TR = -0.0462 + 1.0735 μβ + 0.0944 δβ -0.3715 μβ δβ ……..

……………

.(34)

Figure 19 shows the true reliability index obtained through numerical integration, known
as the actual TR , versus the reliability index obtained from the curve-fitting model (Equation
(34)), referred to herein as the predicted TR . The result of this curve fitting is viewed as nearperfect. Using Equation (34) to compute the true reliability index TR in the face of uncertainty in
the estimated cov is recommended.
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Figure 19. The predicted βTR versus the actual βTR
9.2 Application
If we assume that covsu is a normal random variable, as observed from Equation (21), β is
a linear function of covsu; thus β is also a normal random variable. With statistics of covsu
determined as μcovsu = 40% and ζcovsu = 15% with 3-sigma rule earlier, closed-form equations for
μβ and δβ, shown below, can be obtained with Equations (30) and (31):
μβ = a1  0.4b3  (b1 +0.4c3 )ln(FS)  (b2  0.4c2 )ln(msu )  c1ln(FS)  ln(msu )

(35)

2
δβ = 
 0.15  b3  c2 ln(msu )  c3ln(FS)   ζβ

(36)

2

Note that in Equation (36), in addition to the standard deviation caused by uncertainty in
covsu, namely, [ 0.15 b3  c2 ln(msu )  c3ln(FS)  ], the standard deviation caused by the model
form error of Equation (21), namely ζβ, is also considered. It should be noted that μβ reflects our
best estimate of the reliability index (or safety), and that δβ reflects the robustness of the
reliability index (i.e., smaller δβ signals lower effect of the uncertainty in cov on the computed β,
and thus a more robust β).
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Figure 20. The contour plot of μβ and δβ for the ULS, general shear failure mode of the
drilled shaft

Figure 21. The contour plot of μβ and δβ for ULS, local shear failure mode of
drilled shaft
The contour plot of μβ and δβ for ULS general failure mode and local shear failure mode
is shown in Figures 20 and 21, respectively. Apparently, for a given covsu, μβ increases as FS
increases, whereas for a fixed FS, μβ decreases as msu increases. Furthermore, δβ increases with an
increase in both FS and msu. According to Equation (21), for a given design, the difference of the
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reliability index under the lowest covsu = 10% and the reliability index under the highest covsu= 70%
is - 0.6b3  c2 ln(msu )  c3ln(FS) , which is between 0.25 and 1.13 for general shear failure mode,
falls between 0.26 and 0.86 for local shear failure mode. Thus, an incorrectly estimated covsu
results in a slight deviation of β from the expected value, especially when FS and msu are both
relatively large.
As indicated in Figures 20 and 21, for all designs with identical μβ, δβ is not a constant
value. For instance, for all designs with μβ = 3, δβ varies from 0.12 to 0.25 for a general shear
failure mode. That is to say, for all designs with identical μβ, some are more robust (smaller δβ),
while others less so (larger δβ). Again this discrepancy suggests the shortcoming of the traditional
reliability-based design in failing to consider the design robustness.

Figure 22. The contour plot of βTR for ULS, the general failure mode and the local
shear failure mode of the drilled shaft
By substituting Equations (35) and (36) into Equation (34), a closed-form equation for

TR can be obtained as a function of FS and msu;, the contour plot of which is provided in Figure
22. Similar to the reliability-based design approach described previously, both the site-specific
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FS-based design procedure and the Pareto front-based design procedure can be employed to find
suitable designs using the SRBD approach.
For the site-specific FS-based design procedure, the target TR must be specified before
the corresponding FS can be determined, as shown in Figure 22. A comparison of Figure 22 (a)
with Figure 20 (a) shows that when the FS and msu are both small (say FS < 2 and msu <
100kN/m2), the difference between the required FS for a target TR from Figure 22(a) and from
Figure 20(a) is negligible. Because δβ is quite small in that region, β is more robust against
uncertain cov, permitting a close approximation of TR with μβ without reduction. Conversely,
for the region with a higher FS and msu, the difference between the required FS for a target TR
and for an identical μβ is quite significant. For instance, if msu = 200kN/m2, for a target μβ = 3.4,
the required FS is 3.52, while for a target TR = 3.4, the required FS is 3.85. This is because a
larger FS and msu leads to a larger δβ, making β less robust against uncertain cov. Consequently,

TR is much smaller than μβ.
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Figure 23. Pareto front designs and dominated design for a true
reliability based design approach
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The design example examined previously was again used to illustrate the Pareto frontbased design procedure. With the enumeration and visualization method, a Pareto front was
constructed, as shown in Figure 23. The dimensions of these Pareto front designs were identical
to that used in traditional reliability-based approaches, as shown in Figure 15. For a given set of
msu and F50, a higher FS means higher TR , as shown in Figure 22. As discussed earlier, a higher
FS was equivalent to having higher β; thus a higher TR means a higher β. As a result, the
dimensions of the acquired Pareto front were also found to be identical.
As with the reliability-based design approach, the Pareto front is constructed for all
design conditions as used in the SRBD approach, in which the Pareto front designs were
identified for all design conditions. Thus, with the SRBD approach, the criterion ―D/B ≤ 3.7‖ for
ensuring efficient designs is still applicable to design of drilled shafts subjected to compression in
an undrained loading condition.

10. Summary
In this chapter, a new approach for obtaining a closed-form equation for reliability index
is proposed. As an example to demonstrate the proposed approach, it is applied to the design of
drilled shafts of electrical transmission line structures subjected to compression load under
undrained loading condition. Regression equations for the reliability index of ultimate limit state
(ULS) and serviceability limit state (SLS) under both general shear failure and local shear failure
modes are developed.
Based on the developed closed-form equations, Reliability-Based Design (RBD) and
Second Order Reliability Based Design (SRBD) approaches are discussed. Both the site-specific
FS-based design procedure and the Pareto front-based design procedure were provided for the
RBD and SRBD, each of which were elucidated using a drilled shaft design example. The SRBD
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approach is based on an improved estimate of reliability index considering the uncertainty in the
estimated statistics of soil parameters. The SRBD approach improves the robustness of the RBD
approach against the uncertainty in the estimated statistics of input parameters. SRBD also
mitigates the dilemma of under-design and over-design of reliability-based design due to poorly
estimated soil parameter statistics.
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CHAPTER IV: PERFORMANCE BASED ROBUST DESIGN OPTIMIZATION OF
STEEL MOMENT RESISTING FRAMES CONSIDERING GROUND MOTION
VARIABILITY

1. Introduction
Traditional steel moment resisting frame design, by its nature is a trial and error process
seeking designs that are both safe and economical. Safety concerns are mitigated by compliance
to the reliability based design standards [e.g., ASCE 7 (2010), AISC 360 (2010), and FEMA 350
(2000)], while economic concerns are typically evaluated considering the initial construction cost.
The structural designer then selects a design from several code-compliant candidate designs,
according to the cost and other project related factors. Since only a finite number of candidate
designs can be evaluated given the unavoidable limitations on the design budgets and the
designers‘ effort, the acquired design is likely not to be the most optimal in its cost and/or safety.
Steel moment resisting frame design optimization, subject of several previous research
efforts, is treated as either a single [Xu and Grierson 1993, Kameshki and Saka (2003), Kargahi et
al. 2006, Kaveh et al. 2010] or a multi-objective optimization problem [Sarma and Adeli 2002,
Liu et al. 2003, Liu et al. 2005, Fragiadakis et al. 2006, Rojas et al. 2011]. In single objective
optimization, in most cases, cost is treated as the only objective, while building code and other
project requirements are treated as constraints. Optimization algorithm is then used to reach
designs that satisfy the project requirements with minimal cost. The tedious trial-and-error
process, which is customarily handled by the structural designer, is performed by a computer
algorithm with the entirety of the design space being explored in search for the most optimal
design. Other criteria, such as the number of steel sections (Liu et al. 2005) can also be
considered simultaneously with cost, leading to a multi-objective optimization problem. For
instance, Sarma and Adeli (2002) proposed a life cycle cost optimization problem for steel

86

structures with four optimization criteria: steel section cost, steel section weight, the number of
steel section types, and perimeter length (to account for painting cost in life time).
Seismic design of steel moment resisting frames has been studied extensively through
optimization based techniques. Liu et al. (2003) optimized initial material cost and life-cycle cost
simultaneously considering AISC-LRFD seismic provisions and 1997 NEHRP requirement as
constraints. Fragiadakis et al. (2006) optimized steel material weight and life-cycle costs using
Eurocode 3 and Eurocode 8 requirements as constraints. Rojas et al. (2011) minimized both
weight and expected annual building replacement cost of steel moment-resisting frames
simultaneously, with performance objective confidence level requirement as constraint.
Due to the inherent uncertainty in the construction and operational conditions of the
structure, seismic demand may deviate from expected value. Without considering immunity of
seismic demand to uncertainty, one may reach a design that has large sensitivity to uncertainty
and thus, large variation in performance. Herein, the immunity to uncertainty is referred to as
‗robustness‘ as originally proposed by Taguchi (1986).
This chapter proposes a new steel moment resisting frame design optimization approach
utilizing robust design, a concept originally developed and widely used in quality engineering
(Taguchi 1986, Taguchi 1989). Our approach goes beyond studies that focus on the cost and
mean seismic demand, and considers robustness of the seismic demand to uncertainty present in
the seismic design process. Maximum inter-story drift is used to assess the seismic demand, and
the variability of ground motion is then considered as the source of uncertainty. Hence, the mean
value of maximum inter-story drift is used as the safety measure; the standard deviation of the
maximum inter-story drift is used as the robustness measure, and material weight is used to
represent the cost of the design. A smaller mean value of inter-story drift indicates less demand
on the structure, and therefore yields a safer design; while a smaller value of the standard
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deviation of maximum inter-story drift indicates a more robust design. Therefore, the proposed
approach leads to a multi-objective optimization problem resulting in a set of competing designs
that are economical, safe and robust.
This chapter is organized as follows. Performance-based robust design optimization is
proposed in Section 2. Multi-objective optimization methodology implemented herein is
overviewed in Section 3. In Section 4, the application of the proposed design approach is
demonstrated on a four-story three-bay steel moment resisting frame. A parametric analysis is
performed to investigate the effect of the selected connection model and response modification
factor on Pareto front solutions in Section 5. Finally, in Section 6, the conclusions are drawn,
limitations are discussed and suggestions for future work are given.

2. Performance based robust design
Many sources of uncertainties exist in performance based seismic design (Wen et al.
2003). For instance, seismic hazard varies due to the attenuation laws employed. For given
seismic intensity, seismic demand parameters vary from record-to-record, known as ground
motion variability. Moreover, uncertainty also exists in structural modeling owing to the
unavoidable simplifications made and assumptions established in the numerical analysis, such as
using center-line model instead of precisely modeling the panel zone; employing a 2D model
instead of considering the 3D effects; and using inaccurately estimated damping ratio or
employing inaccurate connection models.
Unlike traditional seismic design method, in which preventing fatality through ensuring a
acceptably low collapse probability is the main goal, in performance based design, performance is
divided into several levels each corresponding to a seismic hazard level. FEMA 350 supplies a
probability based guideline for performance based design of steel moment resisting frames, in
which the ground motion variability and the uncertainty in the structural analysis are considered
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explicitly. FEMA 350 considers two performance levels, immediate occupancy (IO) and collapse
prevention (CP), corresponding to 50% probability of being exceeded in 50 years and 2%
probability of being exceeded in 50 years, respectively. In FEMA 350, performance objective is
satisfied probabilistically in that IO performance level has an annual frequency of being exceeded
less than 1/100, while CP performance level has an annual frequency of being exceeded less than
1/2500 (FEMA 2000).
Analogous to LRFD design, in FEMA 350, the performance objectives are satisfied by
demand and capacity factor design (DCFD) method (Jalayer et al. 2003), instead of direct
calculation of the annual frequency of being exceeded. DCFD involves calculation of the factored
demand to the factored capacity ratio (also known as a confidence parameter), as expressed in
Equation (1):



  a  D
 C

(1)

With  known, a metric named confidence level can be computed, which quantifies the
confidence of performance objective being satisfied in face of the uncertainties due to seismic
hazard curve and other epistemic uncertainties (Jalayer et al. 2003). In FEMA 350, minimum
confidence level for IO and CP performance objective is suggested as 50% and 90%,
respectively.
In Equations (1), only median seismic demand D is used. Actually, in developing FEMA
350, the following assumption is made: record to record variability, i.e. standard deviation of
logarithm value of seismic demand under given seismic intensity is a constant value of 0.3
(Jalayer et al. 2003). This assumption, which eliminates the need to compute record to record
variability case by case in routine design, has not been validated, raising the following question:
for identical median seismic demand, what is the extent to which the seismic demand variation is
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affected by the design parameters? If the effect of design parameters on the variation of seismic
demand is significant, then for a given median seismic demand, one can seek for design
parameters that reduce the variation of seismic demand, yielding a more robust design. This
potential reduction in seismic demand variation is not evaluated previously in the established
literature and is one of the objectives of this chapter.

Column

Table 1. List of columns and beams
Beam

W14×99

W14×211

W24×55

W33×116

W14×109

W14×233

W24×62

W33×130

W14×120

W14×257

W24×68

W33×141

W14×132

W14×283

W24×76

W33×152

W14×145

W14×311

W27×84

W36×135

W14×159

W14×342

W27×94

W36×150

W14×176

W14×370

W27×102

W36×160

W14×193

W14×398

W27×114

W36×170

In this chapter, the principles of robust design optimization are applied to performance
based design of steel moment resisting frames. The design variables are the steel section sizes
selected from Table 1. Seismic demand, system response of interest, is represented with
maximum inter-story drift, which is highly related to both local and global stability, as well as PΔ effects (Shome et al. 1998). The mean value of maximum inter-story drift, μdrift is considered as
the safety measure and the standard deviation of maximum inter-story drift, σdrift is considered as
the robustness measure. For the cost measure, initial construction cost, represented by steel
material weight is adopted (Liu et al. 2003). Ground motion variability, a significant contributor
to seismic demand variation for steel moment resisting frame (Shome et al. 1998), is treated as
the noise factor. The AISC 360 requirements, ASCE 7 requirement, and FEMA 350 acceptance
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criteria are implemented as design constraints. The performance based robust design optimization
of steel moment resisting frame problem is expressed as follows:
Find d to minimize:{W ( d ), drift ( d , z ),  drift ( d , z )}
Subject to:
AISC 360 Code Requirements;
ASCE 7 Code Requirements;
FEMA350 Acceptance Criteria: CP performance confidence level>0.9;
IO performance Confidence level > 0.5.

where W is the steel material weight, d is the design parameters (steel section types), z is noise
factor (ground motion variability). It should be noted, only μdrift and σdrift under 2% probability of
being exceeded in 50 years seismic hazard level are treated as design objectives, since the
consequence of exceeding CP performance is more detrimental.
AISC 360 is employed in member detailing. The following requirements are imposed: (1)
member strength requirement to limit member stress; (2) strong column weak beam criteria
requirement to avoid weak story mechanism; (3) width-thickness ratio limit requirement to
prevent buckling of the members; and (4) stability requirement. Furthermore, the following load
combinations are considered according to ASCE7-10:
1.4 DL
1.2 DL  1.6LL  0.5LLr
(1.2  0.2 S DS ) DL  QE  0.5LL

(2)

(0.9  0.2 S DS ) DL  QE

in which DL, LL, LLr, QE, are the dead load, live load, roof live load, and earthquake load,
respectively; SDS is elastic response spectral acceleration at short period; and ρ is the redundancy
factor.
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3. Methodology: multi-objective optimization and non-dominated sorting genetic algorithm
II
Being a population-based optimization method, NSGA-II operates on a group of designs
rather than one design; thus, Pareto front can be acquired with a single run. Furthermore, NSGAII is demonstrated to be capable of identifying Pareto front designs in a computationally efficient
manner (Deb et al. 2006). For those reasons, NSGA-II is adopted here.
NSGA-II is one optimization method based on genetic algorithm, which mimics
Darwin‘s evolutionary theory. In genetic algorithm, a group of designs are termed a population;
each design of the population is termed an individual; and one iteration step of the optimization is
termed a generation. The population of the first generation is randomly initialized, and fitness
function value of each individual is calculated to reflect merit standing of the individual in the
population. Next, the selection, crossover, and mutation operators are applied to create population
of the subsequent generation from the population of the previous generation, which is repeated
until a predetermined convergence criterion is reached.
Selection, which ensures that individuals best fitting the environment survive, works as
follows: first, two or more individuals are randomly picked from the population to make a
comparison, and the one with better fitness function value is selected and saved in the mating
pool. The process is repeated until the predetermined mating pool size is reached. Next, crossover
operator is used to create offsprings from the mating pool, where two individuals are randomly
picked as parents. ‗Genetics‘ of the parents are then interchanged with a certain crossover
probability, leading to two new individuals, named offsprings. With crossover operator, the
merits of the parents are usually combined in the created offspring, which is expected to exhibit a
better performance than parents. Crossover is repeated until the target offspring size is reached.
Mutation means ‗genetics‘ of the offspring are randomly ‗mutated‘ according to a mutation

92

probability at randomly selected bit location of the individual to ensure diversity of the
population, and to avoid premature convergence to a local minimal.
NSGA-II has the same processes as genetic algorithm, except that fitness function is
based on non-domination rank and crowding-distance. Each individual in the population is
compared with all other designs, and the non-dominated design set can be identified as Pareto
front, which is assigned a non-domination rank of 1. The acquired non-dominated set is then
deleted temporality from the population and the second non-dominated set is identified from the
remaining designs, which is assigned a non-domination rank of 2. This process is repeated until
all designs are assigned a non-domination rank. Crowding distance is the summation of
normalized distance (normalized by the range of each objective in that generation) between
individuals on both sides of an individual along each objective direction. Interested readers are
referred to Deb et al. (2002) for details.

4. Steel Moment Resisting Frame Case Study
4.1 Prototype structure
The proposed performance based robust design optimization is illustrated on a four-story
three-bay steel moment resisting frame assumed to be located in Los Angles, California (Figure
1). The two-dimensional frame system in East-West direction is employed as illustrative example,
with an assumed dead load of 70 psf for the floor and 56 psf for the roof including the weight of
slabs. The live load is assumed to be 40 psf for floor levels and 15 psf for roof level, and the
external wall load is assumed to be 30 psf for all levels. A572 grade 50ksi steel is used for all
beams and columns. All beams at the same floor level are grouped into the same section type, and
the columns of two adjacent floors symmetric with respect to the vertical center line are grouped
together. This grouping results in a total of eight section types, i.e., eight design parameters.
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During optimization, steel sections are selected from the list of commonly used sections in
tradition steel moment resisting frame design given in Table 1.

N

S7

E-W
Frame

S5
15ft

S1

S2

S2

S1

S6

3@13.5ft

S3

S4

S4

S3

S8

3@20ft

3@20ft

(a). Elevation view

(b). Plan view

Figure 1. Elevation view and plan view of the example steel moment resisting frame

4.2 Ground motion uncertainty
The sets of ground motions for 50%/50year and 2%/50year seismic hazard level
developed for the Los Angeles SAC project is employed here (Somerville et al. 1997). The
ground motions has been scaled to match the 50%/50 year and 2%/50 year uniform hazard
spectrums through least-square minimization at 0.5s, 1s, 2s and 4s. The characteristics of these
twenty motions for 2%/50 seismic hazard level are shown in Table 4.2 with a type D soil assumed.
Based on the assumption that seismic data can be well described with lognormal distribution, the
median, 84th percentile, 16th percentile elastic spectrum acceleration (Sa) and spectrum
displacement (Sd) with 5% damping are calculated as shown in Figure 2.
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4.3 Structural model
Four analysis procedures are available to compute seismic demand: the linear static
method, the linear dynamic method, the nonlinear static method and the nonlinear dynamic
method. Though the nonlinear dynamic method is the most rigorous and accurate, it also is the
most computationally intensive. Nonlinear static analysis, also known as nonlinear push over
analysis, is an efficient alternative to nonlinear dynamic analysis, in which a lateral distributed
force is applied to the structure with increasing magnitude until the target roof displacement is
reached. The displacement coefficient method in FEMA 356 and capacity spectrum method in
ATC-40 (American Society of Civil Engineers 2000, Applied Technology Council 1996) are the
most commonly used nonlinear static analysis procedures (Kalkan and Kunnath 2007). Improved
procedures for displacement coefficient method and capacity spectrum method are also provided
in FEMA 440 (Applied Technology Council 2005). In these methods however, the effect of
higher order modes and the force redistribution from structural yielding are not considered. As
such, the accuracy of the pushover analysis has been a subject of criticism.
The modal pushover analysis (MPA) procedure proposed by Chopra and Goel (2002)
supplies an improved accuracy compared to the current pushover analysis and is proven to be
capable of predicting seismic demands similar to the rigorous nonlinear dynamic analysis with
much less computational effort (Chopra and Goel 2002). The effort for MPA can be reduced
significantly by assuming higher order modes to be elastic without sacrificing accuracy in any
significant way (Chopra et al. 2004), referred to as modified MPA. Due to its computational
efficiency and favorable accuracy, modified MPA is adopted here to calculate seismic demand.
Pushover analysis of the full frame and nonlinear dynamic analysis of the idealized
inelastic single degree of freedom system of the first mode are performed with open system for
earthquake engineering simulation (OpenSEES). ‗nonlinearBeamColumn‘ element with a strain
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Table 2. Characteristics of the ground motions at 2%/50 year seismic hazard level
Name Record

Magnitude Distance (km)

Scale factor

PGA (g)

LA21

1995 Kobe

6.9

3.4

1.15

1.258

LA22

1995 Kobe

6.9

3.4

1.15

0.903

LA23

1989 Loma Prieta

7

3.5

0.82

0.41

LA24

1989 Loma Prieta

7

3.5

0.82

0.464

LA25

1994 Northridge

6.7

7.5

1.29

0.852

LA26

1994 Northridge

6.7

7.5

1.29

0.925

LA27

1994 Northridge

6.7

6.4

1.61

0.909

LA28

1994 Northridge

6.7

6.4

1.61

1.304

LA29

1974 Tabas

7.4

1.2

1.08

0.793

LA30

1974 Tabas

7.4

1.2

1.08

0.973

LA31

Elysian Park (simulated)

7.1

17.5

1.43

1.271

LA32

Elysian Park (simulated)

7.1

17.5

1.43

1.164

LA33

Elysian Park (simulated)

7.1

10.7

0.97

0.767

LA34

Elysian Park (simulated)

7.1

10.7

0.97

0.668

LA35

Elysian Park (simulated)

7.1

11.2

1.1

0.973

LA36

Elysian Park (simulated)

7.1

11.2

1.1

1.079

LA37

Palos Verdes (simulated)

7.1

1.5

0.9

0.698

LA38

Palos Verdes (simulated)

7.1

1.5

0.9

0.762

LA39

Palos Verdes (simulated)

7.1

1.5

0.88

0.491

LA40

Palos Verdes (simulated)

7.1

1.5

0.88

0.613

hardening ratio of 3% is used to simulate a column. The nonlinearity of the beam elements is
modeled with Ibarra-Krawinkler (IK) model (Ibarra 2005), characterized by three strength
parameters [My: effective yield moment; Mc: capping moment (post yield strength ratio defined as
Mc/My); and residual moment: Mr=κMy], four deformation parameters [Өy: yield rotation; Өp: pre-
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capping plastic rotation; Өpc: post-capping plastic rotation; and Өu: ultimate plastic rotation
capacity], and one cyclic deterioration parameter, ᴧ (Figure 3). The parameters for steel sections
can be predicted with regression equations provided by Lignos and Krawinkler (2011) that are
expressed as functions of geometric parameters and yield strength of the steel section. Өu is
highly dependent on load history and difficult to determine accurately. For beams under stepwise

5

150
median value
84th percentile value
16th percentile value
record value

4

100

Sa (g)

Sd (inch)

3

median value
84th percentile value
16th percentile value
record value

2

50
1

0
0

0.5

1

1.5
T (s)

2

2.5

0
0

3

0.5

1

1.5
T (s)

2

2.5

3

Figure 2. Sa and Sd response spectrum for 2%50 year seismic hazard level Los Angles ground
motions with 5% damping

Figure 3. Modified IK deterioration model (a).Monotonic curve (b). Cyclic
determination curve (Lignos and Krawinkler 2011)
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increasing cyclic load, Өu is between 0.05-0.06 rad (Lignos and Krawinkler 2011), thus Өu=0.06
rad is assumed here. P-Δ effect is modeled with fictitious column approach (Yun et al. 2002).
4.4 Interpretation of the results
4.4.1 Relation between μdrift – cost and σdrift – cost
The formulated optimization problem is solved through NSGA-II by evaluating 500
designs in each generation with a total number of 50 generations. The converged solution, i.e., the
acquired Pareto front of the last generation, is shown in Figure 4. For comparison purposes,
Figure 4 also depicts the feasible designs of generation 1. Since no designs belong to Pareto front
in generation 1, they are termed as ‗Dominated Designs‘ in the figure.
The design population of the initial generation and the last generation is illustrated in
Figure 4(a). As the σdrift-Weight (cost) plot (Figure 4(b)) clearly indicates, the Pareto front designs
are more robust (smaller σdrift) than dominated designs for identical cost. For identical robustness
(σdrift), Pareto front designs are more economical than dominated designs. From the μdrift-Weight
(cost) plot (Figure 4(c)), the Pareto front designs are observed to exhibit smaller seismic demand
(μdrift) compared to the dominated designs for identical cost, while for designs with identical
seismic demand (μdrift), the Pareto front designs are more economical than the dominated designs.
In general, for given cost, both μdrift and σdrift can be greatly optimized, i.e., with steel
weight as 80000 lb, σdrift can be improved from the worst case of 1.6% in dominated designs to
the best case of less than 0.6% in Pareto front, and μdrift can be improved from the worst case of
3.7% in dominated design to the best case of around 1.5% in Pareto front. For identical μdrift or
σdrift , cost of the designs can also be greatly optimized, i.e., with μdrift as 2%, steel weight can be
reduced from the worst case of 100000 lb in dominated designs to the best case of 71000 lb in
Pareto front; with σdrift as 1%, steel weight can be reduced from the worst case as 100000 lb in
dominated designs to the best case as 60000 lb in Pareto front.
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Figure 4. Pareto Front and dominated designs (a). 3D view; (b) Relation between weight and

ζdrift; (c). Relation between weight and μdrift; (d). Relation between μdrift and ζdrift
In the first generation, designs are randomly generated and the code-compliant designs
are selected as feasible designs–similar to the trial and error process of inexperienced designers.
The implication is that though trial and error process can yield code-compliant designs, these
designs are far from being optimum. The designs of the first generation can be improved in terms
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of both robustness (σdrift) and cost as observed from Figure 4(b) and in terms of both seismic
demand (μdrift) and cost as observed from Figure 4(c).
Table 3. Steel section size and objective values of selected designs
Selected designs

Design A

Design B

Design b

Design C

Design c

Design D

Column
s

S1

W14×159

W14×159

W14×211

W14×211

W14×283

W14×398

S2

W14×193

W14×342

W14×398

W14×398

W14×370

W14×398

S3

W14×159

W14×159

W14×145

W14×159

W14×99

W14×193

S4

W14×193

W14×211

W14×193

W14×283

W14×370

W14×398

S5

W24×76

W27×102

W24×68

W33×116

W36×135

W33×130

S6

W24×76

W27×102

W36×135

W33×116

W36×160

W33×130

S7

W24×55

W24×55

W27×84

W24×76

W24×55

W27×94

S8

W24×55

W24×55

W36×160

W24×55

W24×55

W24×55

Weight (lb)

54792

67377

79785

80361

86847

101826

μdrift

3.48

2.30

2.32

1.57

1.57

1.06

σdrift

1.37

0.83

1.06

0.58

0.83

0.50

Beams

Six designs are selected for comparison, for which the steel sections and objective
function values are listed in Table 3. Designs A, B, C and D are selected from the Pareto front,
while Designs b and c are dominated designs. Designs A and D are the lightest design and the
heaviest design in Pareto front, respectively. Designs A, B, C and D reflect the tradeoff
relationship between cost and safety: comparing the four designs, the design with smaller μdrift
will inevitably cost more, and the design with less cost inevitably has larger μdrift. With the
tradeoff relationship between cost and μdrift, more informed decisions making is achieved. In
single objective optimization, potential changes in safety or robustness due to an increase or
decrease of project cost is not supplied. With Pareto Front, however, this information becomes
readily available. For instance, comparing designs A and C, with material weight increase from
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54792lb to 80361 lb (by 46.7%), the μdrift will be reduced from 3.48% to 1.57% (by 54.9%). As a
result, the decision maker has greater control on risk and budget associated with the preferred
design. A risk-adverse decision maker may choose a design with smaller μdrift at more expense,
while a risk-prone decision maker may choose a design with a greater μdrift. A decision maker
may also evaluate the necessary budget for a project when using a Pareto front (Liu 2003).
4.4.2 Relation between μdrift and σdrift
The data from μdrift-σdrift plot (Figure 4(d)) indicates that the difference in robustness (σdrift)
between the Pareto front designs and the dominated designs is not negligible. Also, the positive
correlation of μdrift and σdrift indicates that designs with a larger μdrift also have a larger σdrift.
1
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0.5
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Design c
Design D

0.3
0.2
0.1
0
0
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4
Drift (%)

5

6

7

Figure 5. CDF of inter-story drift of six selected designs
Comparing Pareto front designs and dominated designs, for identical μdrift, designs in the
Pareto front are more robust (smaller ζdrift) than dominated designs. For instance, designs C and c
have comparative μdrift, while design C is more robust (σdrift of design C is 2/3 of design c), and
also more economical (weight of design C is 93% of design c). The implication of these results is
that a more robust design is not necessarily more expensive. The same relation is also observed
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between designs B and b. Thus, for identical μdrift, σdrift can be reduced through adjusting design
variables, and a more robust design can be acquired.
The cumulative distribution of inter-story drift of the six designs is plotted, as shown in
Figure 5. From this figure, for each given inter-story drift ratio target, the probability of not being
exceeded can be read directly. Comparing designs A, B, C and D, the probability of not being
exceeded increases from design A to D for identical inter-story drift. Comparing designs B and b
which have comparable μdrift, for smaller inter-story drift (smaller than 2.7%), design b has larger
probability of not being exceeded for identical inter-story drift. For 50% probability of not being
exceeded, design B and design b has quite close inter-story drift, since they have close μdrift.
However, the probability of not being exceeded of design B exceeds that of design b as the interstory drift is larger than 2.7%. The same relation between design C and design c is also observed.
Thus, for identical μdrift, increasing robustness (reducing σdrift) has the benefit of increasing safety
(smaller probability of being exceeded in larger inter-story drift range).
4.4.3 Uniformity drift ratio as a design efficiency indicator
Inter-story drift ratio for all six selected designs of twenty ground motions are plotted in
Figure 6. For each design, the maximum inter-story drift occurs at one or two stories for almost
all ground motions, known as weak stories. It is apparent from both Figures 6(b) and 6(c) that
maximum inter-story drift of designs b and c exhibit a much greater variance than designs B and
C. Furthermore, variation of inter-story drift between different stories of designs B and C is also
smaller than that of designs b and c. That is to say designs B and C exhibit a more uniform
distribution of the inter-story drift. Though designs b and c are heavier than designs B and C, they
are inferior designs, as the inappropriate proportioning of stiffness and strength make them prone
to weak story mechanism failure, i.e., failure due to excessive inter-story drift at one or several
stories.
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Comparing designs A, B, C and D, the uniformity of the inter-story drift decrease from
design D to A. With larger strength, design D would be within its linear range, whereas design A,
as the ‗weakest‘ design yields even when subjected to low intensity ground motion. After
yielding, the stiffness is greatly reduced, thusly sharply increasing the displacement with a slight
increase in force or ground motion intensity. The large σdrift of designs b and c is also caused by
the weak story. As observed from Figure 6 (b), the difference of inter-story drift between
different stories is not large for low intensity ground motion, while the difference is greatly
amplified as ground motion intensity increases after yielding of the first story, resulting in a much
larger variation in maximum inter-story drift.
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Figure 6. Inter-story drift ratio results for each ground motion of six selected designs
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Merely considering maximum inter-story drift is not sufficient to evaluate a design, as
story-wise distribution of inter-story drift is not reflected by maximum inter-story drift. The
measure uniformity drift ratio (UDR), defined as ratio of maximum inter-story drift ratio to roof
displacement ratio (ratio of roof displacement to building height), can be employed as indicator of
inter-story drift uniformity (Liu et al. 2005). According to the definition, UDR should be a value
larger than unity, while a smaller UDR indicates a more uniform distribution of inter-story drift.
As for identical cost, Pareto front designs will exhibit smaller μdrift, and for identical μdrift,
Pareto front designs will cost less, Pareto front designs are more efficient than dominated designs.
As a result, Pareto front designs or almost Pareto front designs (those designs that although are
dominated designs but are quite close to the Pareto front) should be pursued. The traditional trial
and error based design would most probably result in dominated designs instead of Pareto front
designs, as Pareto front designs occupy a small portion of the solution space. Though Pareto front
can be acquired by the multi-objective optimization method, the complex programming of
optimization is not practical for practicing engineers, thus simplified method for acquiring Pareto
front designs or criteria for ensuring efficiency should be explored.
As shown in Figure 6(c), for design c, the fourth story is weak while the first story is
rather strong, resulting in excessive inter-story drift in the fourth story under the case that the first
story is essentially within its linear range. Thus, maximum inter-story drift, which is always
governed by the weakest story, cannot reflect whether strength or stiffness is appropriately
proportioned within the building. UDR, however can capture the distribution of strength and
stiffness. Generally speaking, for given material weight, a design with more uniform distribution
of inter-story drift would most probably have smaller maximum inter-story drift. While for
several designs with identical maximum inter-story drift, the one with inter-story drift distributed
more uniformly would be expected to distribute strength and stiffness more appropriately, thus
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would need less material. As a result, UDR is expected to be a suitable indicator of design
efficiency.
In order to test the applicability of UDR as efficiency indicator, mean value of UDR of
the twenty ground motions for Pareto front designs and dominated designs are calculated, as
shown in Figure 7. UDR is divided into several ranges. The general phenomenon observed is that
designs with smaller UDR dominate designs with larger UDR. For every other range of UDR,
regions of design are separated clearly, i.e., regions of 1.3<UDR<1.4 and regions of
1.6<UDR<1.8 are not overlapping; the same phenomenon is observed between regions of
1.1<UDR<1.2 and regions of 1.3<UDR<1.4. Since efficient designs and inefficient designs can
be roughly separated with different UDR value, UDR can serve as a design efficiency indicator
effectively.
4.5
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1.3< UDR <1.4
1.2< UDR <1.3
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Figure 7. Uniformity drift ratio distribution for Pareto front designs and
dominated designs
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In addition, within Pareto front, designs with larger μdrift generally have larger UDR as
well. For μdrift less than 1.2%, all Pareto front designs have a UDR less than 1.1, for μdrift between
1.2% and 2.5%, Pareto front designs have a UDR between 1.1 and 1.2, and for μdrift larger than
2.5%, Pareto front designs have a UDR between 1.2 and 1.3. For larger μdrift, designs would be
driven to the nonlinear range more severely, thus larger difference in maximum inter-story drift
between stories, leading to larger UDR.
In trial and error design process, with an acquired design, designers are unaware whether
the design is efficient or not, or whether it can be improved in terms of cost or maximum interstory drift. As demonstrated here, UDR can serve as the efficiency indicator. A design with UDR
as large as 1.8 would definitely be a costly design, and a design with smaller UDR would most
probably be a more efficient design. UDR can also be served as criterion to determine whether a
design is Pareto front design. Based on distribution of UDR for each range of μdrift in Figure 7, the
following UDR requirement for efficient designs is suggested:
UDR<1.1 for μdrift<1.2%;
UDR<1.2 for 1.2%<μdrift<2.5%;

(3)

UDR<1.3 for μdrift>2.5%;
With such range in mind, whether a design is efficient can be determined. With the trial
and error design process, trials can be made until a design not only meets code requirement but
also satisfies the UDR requirement in Equation (3) is found, and the design would be an efficient
one. In another word, efficient design can be achieved without complex optimization. It should be
noted that the requirement is applicable only for the steel frame considered herein. Whether it can
be extrapolated to steel moment resisting frame of different stories, or even different structures
types need to be verified through more studies. Considering the benefits of appropriately
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proportioning strength and stiffness, UDR requirement should be considered as a valuable design
criterion.

5. Parametric Analysis
5.1 Influence of connection behavior
In this section, the results of the effect of the selected connection model on the
performance based robust optimization are evaluated. The IK model employed in in this research
to simulate connection behavior considers both the cyclic deterioration and post-capping behavior
and thus, it was reported to accurately predict seismic demand and capacity (Ibarra et al. 2005,
Lignos and Krawinkler 2011). There are other connection models available to simulate nonlinear
behavior of beams, however, such as the bilinear model (Fragiadakis et al. 2006, Lagaros and
Papadrakakis 2007), the Fouch and Shi model (Fouch and Shi 1996, Luco and Cornell 2000), and
Kishi and Chen model (Kishi and Chen 1990, Sakurai et al. 2001). Of these, the bilinear model is
the most simplified in its treatment of the mechanics at the connection as it considers neither the
cyclic deterioration nor post-capping behavior. Therefore, comparison of robust design
optimization results obtained using the most simplified and the most advanced connection models
(i.e. the bilinear model and IK model) would reveal the sensitivity of the proposed methodology
to the connection model.
In our implementation of the bilinear model, a strain hardening ratio of 3% is assumed,
and in our genetic algorithm a population size of 100 is used (Liu et al. 2005). In this facet of our
work, we overlay both Pareto fronts obtained with the IK and bilinear models, as shown in Figure
8. Here, the Pareto fronts obtained from these two connection models agree very well in that
section sizes of 36 designs coincide identically, suggesting that the dependency of the
performance based robust optimization approach on the selected connection model is negligible.
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Figure 8. Pareto front based on bilinear beam model and Pareto front based on IK model
(1lb = 0.454kg)
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Subsequently, it is observed that μdrift calculated using the bilinear model was in close
agreement with μdrift based upon the IK model (Figure 9). The cyclic deterioration and postcapping behavior, which is not considered within the bilinear model, is known to play an
important role in evaluating collapse capacity (Ibarra et al. 2005, Lignos and Krawinkler 2011).
However, for inter-story drift values much smaller than collapse capacity (i.e., μdrift is smaller
than 3% in Figure 9), the cyclic deterioration and post-capping behavior only marginally
influence the predicted structural behavior.
5.2 Influence of response modification factor
The response modification factor, R is the ratio of the force that will be developed in a
seismic resistant system if the system remains elastic under design ground motion to the yielding
force of the system. Therefore, it is the reduction factor for the force determined based upon the
linear elastic analysis to estimate the force that would occur when nonlinear behavior is
considered. A larger R factor then indicates a more dissipative system. In the case study example
discussed in Section 4 of this chapter, the response modification factor, R was determined as 8
according to ASCE 7 recommendations for the special steel moment frames (ASCE 2010).
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Figure 10. Pareto front obtained based on several sets of assumed R factors
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Here, we investigate the effect of the selected R factor on the proposed Robust Design
Optimization methodology. The analysis of the steel moment resisting frame discussed earlier is
performed with varying R values, specifically, R=2, R=3 and R=12. In the genetic algorithm, a
population size of 100 is used, the results of which are provided in Figure 10.
As seen in Figure 10, a larger R factor introduces a larger reduction in the seismic force,
thus posing a less strict requirement on the strength of the system. Hence, the feasible design
space for a higher R factor encompasses the feasible design space for a lower R factor. As shown
in Figure 10, the weight and μdrift of Pareto front solutions of R=8 spread within a wider range
compared to that of R=3 (Figure 10(b)), and the weight and μdrift of Pareto front solutions of R=12
spread within a wider range compared to that of R=8 (Figure 10(c)).
The number of coinciding designs for the Pareto front solutions with R=3 (Figure 10 (b))
and that with R=8 was 52, indicating that those solutions obtained with R=8 can satisfy a much
stricter strength requirement (R=3). However, as the R is reduced to 2, the Pareto front solutions
that are feasible for R=8 no longer remain so (Figure 10 (a)), clearly indicating that no Pareto
front solutions obtained with R=2 coincide with that obtained with R=8. As the feasible solution
space for R=2 is contained by that for R=8, the Pareto front solutions for R=2 are dominated by
that for R=8, i.e., for identical weight, the μdrift is larger.

6. Summary
In this chapter, performance based Robust Design Optimization of steel moment resisting
frame was proposed, in which cost, mean value of seismic demand and standard deviation of
seismic demand are three objectives, ground motion variability is considered as noise factor, and
steel section sizes are sought to minimize the objectives. A four-story three-bay steel moment
resisting frame is employed as an example to demonstrate the proposed methodology. The
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proposed methodology is demonstrated to be capable of providing a set of Pareto-optimal
designs with competing cost, safety and robustness. The obtained Pareto front designs are
utilized in the development of uniformity drift ratio as design efficiency indicator.
Required uniformity drift ratio to ensure efficient designs for each range of maximum
inter-story drift is suggested based on the obtained results. Finally, the influence of the
selected connection model and the response modification factor on the obtained results is
investigated.
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CHAPTER V: RELIABILITY BASED MULTI-OBJECTIVE ROBUST DESIGN
OPTIMIZATION OF STEEL MOMENT RESISTING FRAME CONSIDERING
SPATIAL VARIABILITY OF CONNECTION PARAMETERS

1. Introduction
To ensure ductility, beam-column connections are generally designed to prevent fracture
before beams yield. However, premature fractures were observed in many connections of steel
frame buildings during the 1994 Northridge earthquake that resulted in brittle structural failure
(Luco and Cornell 2000). This observation led to extensive research on the connection behavior
of steel frames during seismic events. As a result, there are several connection models currently
available to structural designers, such as the bilinear model (Fragiadakis et al. 2002, Lagaros and
Papadrakakis 2007a,b), the Fouch and Shi model (Fouch and Shi 1996, Luco and Cornell 2000),
Kishi and Chen model (Kishi and Chen 1990, Sakurai et al. 2001), and the Ibarra Krawinkler (IK)
model (Ibarra et al. 2005).
The connection models are defined by the force deformation relationships designated
with multiple parameters. These parameters are commonly defined by the user based on
experience, engineering judgment, or statistical analysis, thus containing epistemic uncertainty.
The hard to control workmanship and randomness in the material also introduces uncertainty to
the connection parameters. Such hard-to-control uncertainty would naturally render a variation in
seismic response. If a design is sensitive to such connection parameter uncertainties, then the
structural behavior may exhibit large variation in the seismic response. Therefore, the robustness
of seismic response to such hard-to-control uncertainty should be evaluated as part of the
structural design process.
In this chapter, the robust design technique, the purpose of which is to achieve a product
(or a process) that is insensitive to hard-to-control noise parameters by carefully selecting easy-
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to-control design parameters, was employed to ensure a robustness in seismic design considering
uncertainty and the spatial variability of connection parameters. Herein, the robust design
problem is solved through multi-objective optimization techniques considering robustness against
uncertainty as a design objective along with two additional objectives: safety, quantified by
collapse prevention reliability through reliability based approach and cost, quantified through
material weight. Herein, the connection parameter uncertainty was treated as the hard-to-control
noise parameter with the steel section sizes treated as the easy-to-control design parameters. The
Ibarra-Krawinkler (IK) model was employed for modeling connections with recently published
statistical information regarding the parameter values (Lignos and Krawinkler 2011).
To reduce the computational demand for calculating seismic response variation, it is
necessary to eliminate parameters with a negligible sensitivity on the seismic response. Earlier
research undertaken to determine the seismic sensitivity of connection parameters was inaccurate
because of unreliable statistical information regarding the connection parameter values (Luco and
Cornell 2000, Sakurai et al. 2001, Kazantzi et al. 2008, Vamvatsikos and Fragiadakis 2008).
Therefore in this current study, a sensitivity analysis was completed on the seismic response
predicted through both pushover analysis and incremental dynamic analysis using reliable
statistical properties for IK model parameters recently provided by Lignos and Krawinkler (2011).
Furthermore, earlier studies also generally assumed a perfect correlation between the
parameters of connections that are spatially distributed within a structure. Connection parameters,
however, exhibit a spatial variability, meaning that the characteristics of connections may vary at
different locations in a structure due to variability in materials, geometries and workmanship.
Thus, connection parameter uncertainties must be evaluated separately for each connection (i.e.,
each connection parameter for each member should be considered as a random variable). Herein,
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a parametric study based upon both the pushover and incremental dynamic analyses was used to
evaluate the effect of spatial variability on seismic response variation.
Furthermore, the author introduced a robust design methodology that was developed into
a multi-objective reliability based robust design approach. In this approach, the collapse
prevention reliability index conditional on both the maximum considered earthquake and cost
were treated as design objectives to be optimized, while steel section sizes were selected as the
design parameters. The multi-objective reliability based robust design method was applied to a
multi-story multi-bay steel moment resisting frame design. Additionally, Pareto front designs
were provided, that are optimum in terms of collapse prevention reliability and cost.
The present chapter is organized as follows. IK model and its statistics are overviewed in
Section 2 followed by a discussion on seismic sensitivity of connection parameters in Section 3.
The case study structure is introduced in Section 4, the role of spatial variability of connection
parameters is evaluated in Section 5 and the multi-objective reliability-based robust design
methodology is illustrated in Section 6, through the design of a multi-story multi-bay steel
moment resisting frame. In Section 7, the research findings are summarized, conclusions are
drawn, limitations of the present work are discussed and possible future work is proposed.

2. IK Model and its Statistics
First proposed by Ibarra et al. (2005), the IK model is characterized by three strength
parameters [My: the effective yield moment; Mc: the capping moment (the post yield strength ratio
defined as Mc/My); and the residual moment: Mr=κMy, where κ is the residual strength ratio]; four
deformation parameters [Өy: the yield rotation; Өp: the pre-capping plastic rotation; Өpc: the postcapping plastic rotation; and Өu: the ultimate plastic rotation capacity], and one cyclic
deterioration parameter: ᴧ as shown in Figure 3 in Chapter IV. In a recent extensive experimental
endeavor, Lignos and Krawinkler (2011) calibrated the connection parameters against the
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experimental measurements of the steel component response under various loading histories for a
database of more than 300 steel sections. From this work, they (2011) reported a statistical
information for IK model connection parameters, which were implemented in this study (see
Table 1).
Table 1. Statistics for each parameter of the IK model (Lignos and Krawinkler 2011)
Mean or median(1): μ

Coefficient of variation Distribution
or dispersion(2): 

Type

Өp (rad)

0.022

0.27

Lognormal

Өpc (rad)

0.17

0.35

Lognormal

ᴧ (rad)

1.1

0.44

Lognormal

My/My,p(4)

1.17

0.21

Normal

Mc/My

1.11

0.05

Normal

κ

0.4

0.1

Normal

55.1

0.12

Normal

(3)

Fy (ksi)
(1)

Mean value for the respective normal and lognormal distributions. Herein, the median means
the mean value of logarithm values;
(2)
Coefficient of the variation for the normal distribution and the dispersion for the lognormal
distribution. Herein, the dispersion is the standard deviation of logarithm values for the
lognormal random variable;
(3)
Statistics not provided in Lignos and Krawinkler (2011), assumed value is used;
(4)
Myp – yield moment, which is defined as a plastic section modulus ,multiplied by the measured
material yield strength
In this research, all connections were assumed to be other-than reduced beam section
types1, with A572 grade 50ksi steel as the material for all beams and columns, whereas in the
research of Lignos and Krawinkler (2011), a mean value of κ is suggested to be 0.4, while
standard deviation is not provided due to the insufficient data. Herein, κ is assumed to be subject

1

In the work of Lignos and Krawinkler (2011), connections are categorized as connections with ‗reduced
beam sections‘ and connections with ‗other-than reduced beam sections‘, and statistics are provided
separately.
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to a normal distribution, and coefficient of variation was assumed to be 0.1 since exact value was
unavailable in the literature, which should be used immediately upon that future availability.
The spatial correlation between Өp, Өpc and ᴧ, determined from multivariate distributions
provided by Lignos and Krawinkler (2011), is shown in Table 2. Since only the correlations
between Өp, Өpc and ᴧ are provided in Lignos and Krawinkler (2011), other IK model parameters
for the same connection were deemed mutually independent.
Table 2. Correlation coefficient for the IK model parameter (Lignos and Krawinkler 2011)

Өp
Өpc
ᴧ

Өp
1
0.69
0.44

Өpc
0.69
1
0.67

ᴧ
0.44
0.67
1

The ultimate plastic rotation capacity, Өu was heavily dependent upon the load history
(Lignos and Krawinkler 2011). For a stepwise cyclic load, Өu for beams (with other-than RBS
beam connection) ranges from 0.05 to 0.06 rad, which was three times larger if the connection
was subject to either a near fault prototype load or monotonic load. Herein, a value of 0.06 rad
was assumed for Өu.

3. Case Study Structure: Initial Design
A four-story four-bay steel frame structure2, shown in Figure 1, was employed in this
study, and which was designed in accordance with ASCE 7 (ASCE 2010) and AISC 341 (AISC
2010). As shown in Figure 2, the beam and column sections were grouped into eight categories,
denoted from S1 to S8. In the sensitivity and spatial variability analysis, section sizes S1 to S8 were
defined as W24×207, W24×207, W24×162, W24×162, W30×108, W30×108, W24×84 and
W24×84, respectively. This configuration leads to a seismic weight of 940 kips for the second,

2

The case study example is adapted from FEMA P695.
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third and fourth floors and 1,045 kips for the roof. For the case study structure, the median
maximum inter-story drift ratio under the maximum considered earthquake hazard level is 2.48%
and the fundamental period was 0.94s.

S8

S6

4@13ft

S3

S4

S4

S4

S3

S7

S1

S2

S2

S2

S1

S5

4@30ft

Figure 1. Elevation view of the example steel moment resisting frame

4. Evaluating Seismic Sensitivity of Connection Parameters
The author used the perturbation method for their sensitivity study, which is a commonly
used method when conducting parameter sensitivity studies in any seismic design (Celika and
Ellingwood 2010, Luco and Cornell 2000). The model with all connection parameters set at their
mean or median value was known as the ‗nominal model‘, and the connection parameter under
study was perturbed to its mean±2×standard deviation if it is a normal random variable, to
median×e±2×dispersion if it is a lognormal random variable, while all other connection parameters
were set as their mean or median value. The model with the connection parameter perturbed to its
larger value and its smaller value were known as the ‗upper level model‘ and ‗lower level model,‘
respectively. A pushover analysis and an incremental dynamic analysis were then used to
investigate the seismic response of the nominal model and perturbed models. The sensitivity of
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the seismic response to each connection parameter was then evaluated by calculating the
difference between the response of the perturbed models and that of the nominal model.
4.1 Sensitivity Analysis based on Pushover Analysis
In a pushover analysis, a laterally distributed force with increasing magnitude is applied
to the structure until the target roof displacement is reached. Although less accurate than the
nonlinear time history analysis in predicting seismic demand, the pushover analysis also provides
a valuable initial insight about the structural behaviors, and was used here for conducting a
sensitivity study. The lateral load pattern was assumed to follow the fundamental mode of the
structure. The shear force-roof drift ratio curves were obtained for each connection parameter
except for the cyclic deterioration parameter, ᴧ as shown in Figure 2. In that ᴧ was not involved
in this pushover analysis, its effect was not shown.
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Figure 2. Shear force versus roof drift ratio curve for the nominal model and for each perturbed
model (1kips = 4448.2N)
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In Figure 2, for the nominal model, the shear force increased linearly with respect to the
roof drift ratio until the ratio of 1.2% was reached, where structural yielding began. After yielding,
as the roof drift ratio continued to increase, the frame gained strength through strain hardening of
the steel, until the roof drift ratio reached the capping point around 3%. Beyond this point the
frame began to lose strength as the roof drift ratio increased.
As shown in Figure 2(a), the pre-capping plastic rotation (Өp) began to influence the
pushover curve immediate upon the structure yielding, with the roof drift ratio at the capping
point increasing from 3% for the base model, to 4% for the upper level model. Decreasing precapping plastic rotation (Өp) exhibited the opposite effect, thus reducing the roof drift ratio of the
capping point to 2.5%. As shown in Figure 2(b), post-capping plastic rotation (Өpc) began to
influence the pushover curve only after the capping point was reached. However, Өpc exhibited a
greater effect on ductility than Өp. Prior to a reduction in strength to 850 kips, the upper level
model can be pushed to a roof drift ratio as large as 15%, while the value is 10% for the nominal
model and 8% for the lower level model. As shown in Figure 2(c), an increase in the effective
yield moment to the yield moment ratio (My/My,p) increased both the strength and ductility of the
steel frame under study. Also show in Figure 2(d), the post yield strength ratio (Mc/My) affected
the maximum shear force at the capping point (maximum strength), rather than the yielding shear
strength. Comparatively, Mc/My exhibited a smaller effect on strength than My/My,p, and the
influence of Mc/My diminished with an increase in the drift. As show in Figure 2(e), residual
strength ratio (κ) did not affect the pushover curve until roof drift exceeded 9%. As shown in
Figure 2(f), the effect of yield strength (Fy) was similar to that of My/My,p, except that the effect
was slightly smaller. Comparatively speaking, Fy and My/My,p exhibited a larger effect on the
pushover curve than all other parameters.
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4.2 Sensitivity Analysis based on Incremental Dynamic Analysis
Incremental dynamic analysis (IDA), a powerful method for evaluating both the seismic
demand and capacity (Vamvatsikos and Cornell 2002), was also used in this research. In that
IDA involves performing a series of nonlinear dynamic analysis under a set of ground motions
Table 3. Ground motions for performing incremental dynamic analysis, as adopted from
Vamvatsikos and Cornell (2004)
No.

Event

Station

Component

M

(1)

D(2)
(km)

1

Loma Prieta, 1989

Agnews State Hospital

090

6.9

28.2

2

Imperial Valley, 1979

Plaster City

135

6.5

31.7

3

Loma Prieta, 1989

Hollister Diff. Array

255

6.9

25.8

4

Loma Prieta, 1989

Anderson Dam

270

6.9

21.4

5

Loma Prieta, 1989

Downstream
Coyote
Lake Dam

285

6.9

22.3

6

Imperial Valley, 1979

Downstream
Cucapah

085

6.5

23.6

7

Loma Prieta, 1989

Sunnyvale Colton Ave

270

6.9

28.8

8

Imperial Valley, 1979

El Centro Array #13

140

6.5

21.9

9

Imperial Valley, 1979

Westmoreland Fire

090

6.5

15.1

10

Loma Prieta, 1989

Station
Hollister South & Pine

000

6.9

28.8

11

Loma Prieta, 1989

Sunnyvale Colton Ave

360

6.9

28.8

12

Superstition Hills, 1987

Wildlife Liquefaction

090

6.7

24.4

13

Imperial Valley, 1979

Array
Chihuahua

282

6.5

28.8

14

Imperial Valley, 1979

El Centro Array #13

230

6.5

21.9

15

Imperial Valley, 1979

Westmoreland Fire

180

6.5

15.1

16

Loma Prieta, 1989

Station
WAHO

000

6.9

16.9

17

Superstition Hills, 1987

Wildlife Liquefaction

360

6.7

24.4

18

Imperial Valley, 1979

Array
Plaster City

045

6.5

31.7

19

Loma Prieta, 1989

Hollister Diff. Array

165

6.9

25.8

20

Loma Prieta, 1989

WAHO

090

6.9

16.9

(1)

Magnitude;

(2)

Closest distance to fault rupture;
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scaled to multiple intensity levels, it can capture the behaviors of the structure from linear elastic
to nonlinear inelastic, and finally to collapse. Performing IDA entails i) selecting a suite of
ground motion records, ii) determining the engineering demand parameters (EDP), and
determining the seismic intensity measure (IM) (Vamvatsikos and Cornell 2002). For purposes of
this research, the maximum inter-story drift ratio (ISDR) was selected as the EDP, and the 5%
damped fundamental period spectral acceleration (Sa (T1, 5%)) was selected as the IM.
According to Shome and Cornell (1999), ten to twenty ground motions is sufficient to
guarantee accuracy in estimating seismic demand for low to mid-rise buildings. Thus, the suite of
twenty ground motions adopted in Vamvatsikos and Cornell (2004) were used to perform IDA as
listed in Table 3. The selected ground motions exhibited magnitudes between 6.5-6.9 and a
moderate distance (i.e., closest distance to fault rupture).
After obtaining the results of the nonlinear dynamic analysis for twenty ground motions,
the EDP values were plotted against the IM values, and the EDP-IM curve was obtained by fitting
the discrete points with certain polynomial function. For more information on this analysis,
Vamvatsikos and Cornell (2004) provide much greater detail.
Under each specific IM value, EDP values changed from record-to-record, which is
known as the ground motion variability. The variability of EDP values for a given IM can be
well-represented with a lognormal distribution (Jalayer and Cornell 2003), which is also the case
for the variability of IM values under a given EDP. The median IM versus the EDP (or the
median EDP versus the IM) curve, which is the median IDA curve or the 50% fractile IDA curve,
can then be obtained.
The median IDA curves for the nominal model and for each perturbed model are shown
in Figure 3. The effect of pre-capping plastic rotation (Өp), and the cyclic deterioration parameter
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(ᴧ) was negligible, since the difference between the median IDA curve of nominal model and
perturbed model was less than 2% over the entire range of the curve. The effect of the residual
strength ratio (κ) was also negligible, since for given maximum ISDR, the difference between the
Sa (T1, 5%) of the nominal model and that of the perturbed model was less than 5%. The effect of
pre-capping plastic rotation (Өpc), and post yield strength ratio (Mc/My) were larger compared to
the effect of κ. For Өpc and Mc/My, the maximum difference between the upper level model and
nominal model was less than 5%, while the value was approximately 20% for the lower level
model. My/Myp, and Fy also exhibited a noticeable effect on the seismic response, with the
maximum difference between the perturbed and base models at approximately 10%. In addition,
My/Myp, and Fy exhibited a significant effect on the median IDA immediately after the frame
yielded.
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Figure 3. Median IDA curve for the nominal model and for each perturbed model
Through the pushover analysis used to conduct the sensitivity study, Өp, Mc/My, My/My,p
and Fy influenced the pushover curve as soon as the frame yielded. For the specific frame under
study, Өpc exhibited an observable influence on the push-over curve after only after the capping
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point was exceeded, while κ exhibited an observable effect on the push-over curve later than all
other parameters. All of these observations obtained from the push-over analysis were deemed
consistent with those obtained from IDA.
From the sensitivity analysis based on IDA, it was determined that My/Myp, Fy, Өpc and
Mc/My exhibited more significant effect on seismic response compared to other parameters. Thus,
these parameters will be considered in the robust design optimization discussed in Section 6.
Though Өp has a less significant effect, it was an important parameter in IK model, and was also
considered in the robust design optimization. The author did not consider the cyclic deterioration
parameter (ᴧ) in Section 6 because of its negligible effect. Though the effect of residual strength
ratio (κ) was not negligible, its effect did not begin until the maximum ISDR was in excess of 8%
(Figure 4 (f)), which was much larger than the maximum ISDR value of a common design
conformed by ASCE 7 and AISC 341. Thus, the residual strength ratio (κ) was also not
considered in the robust design optimization process discussed in Section 5.

5. Evaluating the Importance of Spatial Variability of Connection Parameters
The connection parameters exhibited variability from one connection to another within
the same steel frame. In studying the spatial correlation, two extreme cases were considered: a
perfectly correlated and a perfectly uncorrelated inter-member relationship. In the perfectly
correlated inter-member relationship, the most common treatment in the established literature,
each connection parameter is described with the same random variable for all connections within
the structure. Conversely, a perfectly uncorrelated inter-member relationship means that each
connection parameter is described with mutually uncorrelated random variables for all
connections within the structure.
Also, it is plausible to assume that the inter-member correlation coefficient for beams
within the same floor is greater than that for beams on different floors, since the beams within the
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same floor are constructed within a relatively short period and usually share the same section size.
Therefore, the author assigned the term intra-floor correlation, for beams within the same floor
and the inter-floor correlation for beams on different floors. Six cases with different
combinations of intra-floor and inter-floor correlation coefficients were studied to investigate the
effects of spatial variability on seismic response variations (see Table 4). In Case 1, parameters
were assumed to be perfectly uncorrelated (correlation coefficient=0), whereas in Case 6 the
parameters were assumed to be perfectly correlated (correlation coefficient=1). And, cases 2 to
case 5 were designed to have correlation coefficients in between these two extremes.
Table 4. Correlation coefficient table for the various spatial variability studies
Inter-floor
Intra-floor
0%
50%
100%

0%

50%

100%

1
2
4

3
5

6

For the steel frame under study, there were a total of 12 connections each with seven
connection parameters, i.e., a total of 84 random variables. The mean values and standard
deviation of these random variables were determined from Table 1, and the correlation matrix of
these random variables was determined using Tables 2 and 4. The total number of the correlation
coefficients was therefore 84*(84-1)/2=3486. The author used the Latin Hypercube Sampling
method to generate random samples of connection parameter sets. For each sample, a pushover
analysis and an incremental dynamic analysis was performed to obtain a shear force-roof drift
ratio curve and a median IDA curve, respectively. Although not shown here, a convergence test
was used to select a sample size of 300 for the Latin Hypercube Sampling.
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Figure 5. Dispersion versus the roof drift ratio curve for the six spatial variability cases
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5.1 Spatial Variability Study based on Pushover Analysis
The shear force-roof drift ratio curves obtained for the 300 structural models with random
sets of connection parameter values are shown in Figure 4 for the six cases of different spatial
correlations. As evident in Figure 4, case 1 exhibits the smallest variability, while case 6 exhibits
the largest variability due to connection parameter uncertainty
The dispersion of the shear force conditional on the roof drift ratio was calculated by
assuming a lognormal distribution of the shear force for any given roof drift ratio, as shown in
Figure 5. In each instance, the dispersion increased with an increase in the roof drift ratio. This
increase in dispersion was due to the involvement of a larger number of connection parameters as
the frame is pushed from linear response to yielding, to capping point, to negative dropping and
finally to collapse, thus introducing a greater uncertainty in the connection parameters. In Figure
5, as expected, case 1 exhibits the smallest dispersion, while case 6 exhibits the largest dispersion.
In that the dispersion value of case 6 was more than 3 times greater than that of case 1, the
assumption that connection parameters are perfectly correlated in structural modeling is therefore
very conservative.
5.2 Spatial Variability Study based on Incremental Dynamic Analysis
The median IDA curves for the 300 random samples for the six spatial variability cases
are shown in Figure 6. The dispersion of Sa (T1, 5%) conditional on maximum ISDR is shown in
Figure 7. Here, case 1 exhibits a greater dispersion than case 6 when the maximum ISDR is less
than 3%, perhaps due to the variability in the yielding strength from member to member for case
1, which leads to irregularities in structural behavior. This phenomenon, which demonstrates that
the perfect correlation assumption may not be conservative, was not reflected in the spatial
variability study based upon a pushover analysis.
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However, case 6 consistently exhibits a larger dispersion than case 1 for the maximum
ISDR values exceeding 3%. For most of the segment in which maximum ISDR exceeds 3%, the
dispersion of case 6 is more than twice as great as case 1, demonstrating that assuming perfect
correlation of connection parameters is a conservative assumption when maximum ISDR is larger
than 3%.
By comparing cases, which have identical inter-floor correlation (0) and increased intrafloor correlation (0%, 50% and 100% for each case respectively) i.e., cases 1, 2 and 4, it can be
observed that an increase in the intra-floor correlation subsequently increases the dispersion.
Similarly, by comparing cases, which have identical intra-floor correlation (0) and
increased inter-floor correlation (0%, 50% and 100% for each case respectively) i.e., cases 4, 5,
and 6, it can be observed that for a maximum ISDR smaller than 3%, an increase in inter-floor
correlation subsequently reduces the dispersion; while for a maximum ISDR greater than 3%, an
increase in inter-floor correlation subsequently increases the dispersion.

6. Multi-objective Reliability based Robust Design Optimization
In this chapter, Robust Design Optimization (RDO) method was developed in lieu of the
Taguchi method (Beyer and Sendhoff 2007). RDO is expressed as:
Find d to optimized: [C(d,z), R(d,z)]

(1)

Subject to: gi(d,z) ≤ 0 i = 1,..,n
where d is the vector of the design variables; z is the vector of uncertain variables; R is the
robustness measure; C is the cost (initial cost or life-cycle cost); and g is the constraints function.
In that RDO is used to explore the entire solution space to find the optimum designs and directly
evaluate highly nonlinear problems, it was used here to search for steel moment-resisting frame
designs that are insensitive to connection parameter uncertainties.
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One of the most important aspects of implementing RDO involves determining a suitable
robustness measure (R), the most commonly used of which is the standard deviation of the system
response (Beyer and Sendhoff 2007). For instance, in the design of steel frames, Lagaros and
Fragiadakis (2007a,b) employed a standard deviation of seismic response as a robustness measure,
which was optimized simultaneously with material weight (i.e., cost measure). The mean value of
system response should also be considered in the design process, however, since a design that is
robust (i.e., small standard deviation) but with very poor mean performance would still not be a
good design (Beyer and Sendhoff (2007). Therefore in this study, mean value of the seismic
response (µ) and the logarithm of the standard deviation of the seismic response (δ) were
integrated to form a single comprehensive robustness measure (β), which is expressed as:



ln(sc)-ln( )

(2)



where, sc is a given seismic capacity value, which depends on the seismic performance to be
pursued. It should be noted that β is not a novel measure; it is indeed the reliability index for
satisfying seismic capacity considering variability in seismic demand. However, since it considers
both mean value and standard deviation of seismic demand, it serves as an ideal robustness
indicator. In this study, robustness indicator given in Equation (2) was formulated using the
maximum ISDR as the seismic demand measure.
In addition to the connection parameter uncertainty, the variation due to uncertainties in
ground motion records, known as ground motion variability, was another important source of
uncertainty compared to other sources of uncertainty. For steel frames the logarithm of standard
deviation of inter-story drift due to ground motion variability (i.e., δg) is approximately 0.3, and
when the ground motion variability is considered, the reliability index for satisfying the seismic
capacity given in Equation 2 is now expressed as (Jalayer and Cornell 2003):
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ln( sc)  ln(  )

(3)

 2 + g 2

Due to the unavoidable limitations of resources, cost must also be considered as an
objective in RDO. Herein, the author followed a common practice and employed the weight of
the steel frame as the cost measure (Lagaros and Fragiadakis 2007a,b, Liu et al. 2005). With β
selected as the robustness measure and cost considered as an objective, RDO becomes a problem
in multi-objective reliability based robust design.
To address safety concerns in the design optimization, the author fully implemented the
ASCE 7 (ASCE 2010) and AISC 341 (AISC 2010) as design constraints so that the RDO of the
steel moment resisting frame could be stated as follows:

Find a set of steel section size (S1 to S8) to optimize:

(4)

[β, W(i.e., weight of steel moment resisting frame)]
Subject to: ASCE 7 and AISC 341 code requirement
The use of the multi-objective reliability based design approach on a steel frame in
described in section 3 with section sizes (S1 to S8) treated as design parameters that are derived
from the sections in Table 5. The frame is located in Los Angeles, California, where the short
period spectra acceleration and the spectral acceleration at 1 second are 1.504g and 0.5 g,
respectively. The soil type is D.
Here, the collapse prevention was the performance level considered, since it was most
detrimental to exceed the effect this limit state. The capacity (sc) for collapse prevention
performance level was determined at 5% according to FEMA 356 (FEMA 2000). The
corresponding seismic intensity level for collapse prevention was the maximum considered
earthquake, which in other words was the seismic intensity with a 2% probability of being
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exceeded in 50 years. Thus, β in Equation (4) can be stated as the collapse prevention reliability
conditional on the maximum considered level of the earthquake. The author used the capacity
spectrum method detailed in FEMA 440 (ATC 2005) to calculate the maximum ISDR to reduce
computational demand.
Based on the findings of the sensitivity study discussed in Section 4, cyclic deterioration
parameter (ᴧ) and residual strength ratio (κ), which were observed to have negligible influence on
the seismic demand, were not considered as uncertain connection parameters here. To determine
the spatial variability, a multi-objective reliability based design optimization was performed for
two extreme cases: a perfectly correlated inter-member correlation (case 6 in Table 4) and a
perfectly uncorrelated inter-member correlation (case 1 in Table 4). For each proposed design,
300 random samples were generated, and the inter-story drift ratio was calculated accordingly.
From this inter-story drift ration, the mean (μ) and standard deviation (δ) were calculated, which
were then substituted into Equation (3) to calculate β.

Figure 8. Evolution process of the β and weight for case 6 (1lb=0.45kg)
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Herein, NSGA-II was employed to solve the proposed optimization problem for its
efficiency and accuracy in identifying a ‗Pareto front‘ (Deb et al. 2002). In NSGA-II, a
population size of 30 is used for each generation, and converged solution (i.e., Pareto front) is
acquired after 50 generations. The evolution process of the cumulative dispersion and weight for
case 6 is shown in Figure 8.
As is clearly indicated in Figure 8, the Pareto front designs were superior compared to the
solutions of the previous generation in that they are less expensive and/or possess a larger β
Factor. The Pareto front also visually displayed the tradeoffs between the multiple objectives: a
Pareto design with larger β inevitably incurs more expense, whereas a less expensive design
exhibits a smaller β. Any designer must consider this tradeoff when finalizing the design
according to a particular designer‘s preference.
The design originally employed for both the sensitivity spatial variability studies, as
described in Section 3 was denoted as the ‗initial design‘ in Figure 8. For this initial design, the
collapse prevention β was determined to be 2.05 with a corresponding failure probability of
2.02%. For comparable weight, design C (Figure 8) provides a larger collapse prevention β (2.173,
failure probability =1.49%) than this initial design. Thus, the proposed approach can improve the
collapse prevention reliability for a given weight (i.e., for a given cost).
The Pareto front for case 1 is plotted in Figure 9, as is the case 6 Pareto front for purposes
of comparison. Apparently, for given weight, the collapse prevention reliability index is larger for
case 1 than that for case 6, because of the smaller dispersion of the seismic response for case 1.
Of the Pareto front designs for case 1, the steel section sizes of 13 designs were found to coincide
with the Pareto front designs for case 6. Of the 13 coinciding designs, four designs, denoted as
design A to design D, and the initial design were selected for comparison, the steel sections,
weight, β, mean (μ) and standard deviation (δ) of which are summarized in Table 6. A
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comparison of the δ values determined that the initial design had a much greater δ that the Pareto
front designs, demonstrating improved robustness with the use of the method proposed. It was
also determined that a smaller μ resulted in a smaller δ, which was expected. The median shear
force-roof drift ratio curve (i.e., the shear force-roof drift ratio curve obtained based on median
values of connection parameters) for design A to design D and the initial design is plotted in
Figure 10. As observed from Figure 10, though the strength increased from design A to design D,
the cost also increased with a corresponding weight increases as shown in Table 6, once again
emphasizing the reciprocal association between the collapse prevention reliability and the
expense.

Figure 9. Pareto front for cases 1 and 6 (1lb=0.45kg)
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Table 5. Section size and objective values for the designs selected from the Pareto front
design A

design B

design C

design D

initial design

S1

W24×131

W24×146

W24×146

W24×192

W24×207

S2

W24×176

W24×176

W24×279

W24×306

W24×207

S3

W24×104

W24×131

W24×131

W24×131

W24×162

S4

W24×146

W24×162

W24×176

W24×229

W24×162

S5
S6

W27×94
W24×62

W27×94
W27×94

W27×94
W27×114

W27×129
W27×129

W30×108
W30×108

S7

W24×62

W24×76

W27×94

W27×102

W24×84

S8

W24×62

W24×62

W24×62

W24×84

W24×84

weight (lb)

70936

79888

93574

111806

94050

β

0.844

1.664

2.173

2.555

2.05

µ (%)

3.75

2.96

2.55

2.26

2.48

δ

0.161

0.095

0.076

0.080

0.164

β

1.055

1.78

2.256

2.7

2.15

µ (%)

3.6

2.96

2.53

2.22

2.48

δ

0.083

0.078

0.038

0.028

0.128
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Figure 10. Shear force-roof drift ratio curve for the designs selected from the Pareto front
(1kips=4448.2N)
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7. Summary
In this chapter, the author described a multi-objective reliability based design
optimization approach in which the sensitivity of seismic response to the connection parameter
uncertainty of a four-story four-bay steel frame was first studied, using the Ibarra-Krawinkler
connection model and recently published statistics of connection parameter values. The spatial
variability of connection parameters was then analyzed followed by the application of a proposed
multi-objective reliability based design optimization approach to the design of a four-story fourbay steel moment resisting frame.
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CHAPTER VI: CONCLUDING REMARKS

1. Summary of Research
The goal of the dissertation research is to achieve designs that are robust to hard-tocontrol noise parameters and economical in structural design. Robust Design Optimization (RDO)
is the methodology employed in this proposal. RDO is characterized as three objective
optimization problem, with mean value of response, variation of response and cost as three
objectives. Two distinct parameters are chosen as response in RDO: (i). Reliability index, leading
to confidence level based design (Chapter II) and second order reliability based design (Chapter
III) (ii). Seismic performance, leading to performance based robust design optimization (Chapter
IV) and multi-objective reliability based design optimization (Chapter V).
In Chapter II, confidence level based robust design is proposed to consider sample
statistic uncertainty, in which confidence level serves as the robustness measure. The proposed
method is applied to design of retaining wall in sand. Simplified method for calculating
confidence level is provided, with which confidence level based design can be performed without
additional effort than reliability based design. In Chapter III, second order reliability based design
is proposed to consider sample statistic uncertainty, in which second order reliability index serves
as the robustness measure. The proposed method is applied to design of drilled shaft of
transmission line structure. Closed form equation of second order reliability index is provided,
with which second order reliability based design can be performed without additional effort than
reliability based design. In Chapter IV, performance based robust design optimization is proposed
to consider ground motion variability. Mean value of seismic demand, standard deviation of
seismic demand and cost are treated as three objectives in performance based robust design
optimization. In Chapter V, reliability based multi-objective design optimization is proposed to
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consider connection parameter uncertainty. Collapse prevention reliability condition on maximum
considered earthquake level and cost are treated as two objectives. Sensitivity study of seismic
response to connection parameters and the effect of spatial variability on seismic response
variation is also studied in Chapter V.

2. Major Findings of the Presented Research
The previously summarized research has resulted in the following findings and
observations:
Findings and observations from the confidence level based design (Chapter II):
1) The proposed confidence level (CL)-based design approach is shown to be effective in
the design of cantilever retaining walls in sand. It overcomes the dilemma of
traditional reliability-based design that underdesign or overdesign (relative to the
selected target reliability index) can occur when significant uncertainty exists in the
estimated cov values of soil parameters.
2) In the proposed approach, the confidence level (CL) is selected with the aid of a Pareto
front, which is a set of non-dominated designs optimized with respect to two
objectives, cost and confidence level (as a measure of robustness). The CL-based
approach offers a quantitative means of selecting an optimal design with a known
level of confidence that the target reliability index will be met in the face of
uncertainty. Using the Pareto front, the confidence level is constrained by cost.
3) Simplified equations that relate μβ to CL are developed based on an empirical ζβ–μβ
relationship that is observed in the results of thousands of reliability analyses of
retaining walls in sand, greatly enhancing the practicality of the proposed CL-based
approach. These simplified CL–μβ equations make it possible to implement CL-based
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design with little extra effort beyond that required for the traditional reliability-based
design procedure.
Findings and observations from the second order reliability based design (Chapter III):
1) The accuracy and precision of the developed closed-form equations of reliability index
is comparable to the load and resistance factor design (LRFD) approach and multiple
resistance factor design (MRFD) approach.
2) In the proposed simplified close-form equations, the traditional factor of safety-based
approach is related to the reliability-based approach. With the proposed closed-form
equations, the reliability index of a design can be calculated directly without formal
reliability analysis. Reliability-based design can be easily implemented in practice.
3) For design of drilled shafts for transmission line structures subjected to compression
under undrained loading conditions, the SLS reliability index requirement will be
satisfied automatically if the ULS reliability index requirement is satisfied. In other
words, the ULS reliability index requirement controls the design.
4) Within the framework of the RBD approach, it is found that the site-specific FS-based
procedure achieved results that match well with that obtained from the traditional
reliability-based design. With this site-specific FS-based procedure, designers can
actively determine a target reliability index instead of passively accept a fixed value
in code. With this FS-based RBD approach, the target reliability index is first
selected, then the process involves the calculation of traditional FS, as the site
specific FS is linked to the reliability index.
5) Within the framework of the RBD approach, the Pareto front-based procedure offers
designers greater flexibility in making a more informed decision. With this Pareto
front-based RBD approach, designers can optimize their designs more effectively to
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consider both safety (reliability) and cost. With this novel enumeration and
visualization method, designers may also easily construct a Pareto front without any
multi-objective optimization.
6) The SRBD (Second Order Reliability-Based Design) approach improves the
robustness of the reliability-based design approach against the uncertainty in the
estimated statistics of input parameters. The proposed SRBD approach requires little
extra effort over the calculation of the traditional reliability index on the part of the
user. In fact, closed-form simplified equations are available for SRBD.
7) Based on the Pareto front acquired for various design conditions using both the RBD
and SRBD approaches, the criterion ―D/B ≤ 3.7‖ was employed for ensuring cost
effective designs of drilled shafts for transmission line structures under compression
in undrained loading conditions. Using this criterion, a cost effective design can be
achieved that does not require the development of either a complex optimization
processes or Pareto front based designs.
8) The developed closed-form equations for the RBD and SRBD approaches,
implemented in either site-specific FS-based procedure or Pareto front-based
procedure, are shown effective in designing drilled shafts for transmission line
structures that are subjected to compression in an undrained loading condition.
Similar development processes can be undertaken to create applicable simplified
equations, much like the calibration of LRFD factors to solve different geotechnical
problems using different geotechnical models.
Findings and observations from the performance based robust design (Chapter IV):
1) The performance based robust design methodology proposed can provide a set of
competing designs that are economical, safe and robust in the form of a Pareto front,
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with which structural engineers and stakeholders can make informative tradeoff
decisions in a preferred manner.
2) Pareto front designs are superior to dominated designs in terms of cost, safety and
robustness, while traditional trial and error method would most probably result in a
dominated design (inefficient design) rather than a Pareto front design (efficient
design), as Pareto front designs only occupy a small proportion of all designs in
solution space.
3) For identical mean value of seismic demand, variation of seismic demand can be
reduced through adjusting design variables and a safer design can be achieved.
4) Uniformity drift ratio can be served as design efficiency indicator effectively. Efficient
designs generally have smaller uniformity ratio, while inefficient designs generally
have larger uniformity ratio. Required uniformity drift ratio for each range of
maximum inter-story drift for ensuring efficient designs is suggested. With the
suggested requirement enforced, efficient designs can be achieved with the trial and
error process without complex optimization.
5) The Pareto front solution is just marginally influenced by the selected connection
model. The Pareto front based on R=8, satisfied the much stricter strength
requirement with a smaller R factor (R=3). Pareto front solutions with a greater R
factor are observed to dominate solutions obtained with a lesser R factor.
Findings and observations from the multi-objective reliability based design (Chapter V):
1) The proposed multi-objective reliability based design optimization methodology
improved the collapse prevention reliability, even with an inherent parameter
uncertainty, resulting in a tradeoff between how well this methodology would
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prevent a collapse and the cost of using this methodology. Consequently, a tradeoff
decision is deemed necessary to finalize the design based upon the Pareto front.
2) A sensitivity study based upon pushover analysis determines that the pre-capping
rotation (Өp), the post yield strength ratio (Mc/My), the effective yield moment to
yield moment ratio (My/My,p) and the yield strength (Fy) influenced the pushover
curve as soon as the frame yields. Additionally, the post-capping rotation (Өpc) exert
no influence on push-over curve until the capping point is exceeded, with κ showing
the effect on the push-over curve later than all other parameters. Of all the parameters,
My/My,p, and Fy shows a greater effect on the pushover curve.
3) A sensitivity study based upon an incremental dynamic analysis determines that the
My/Myp, Fy, Mc/My and Өpc exhibit the most significant effect on the median
incremental dynamic analysis curve, while the effect of Өp and the cyclic
deterioration ratio (ᴧ) is almost negligible. The effect of the residual strength ratio (κ)
on median IDA curve, is not negligible, however, with the effect (κ) ratio exhibiting
much later than all other parameters.
4) A spatial variability study based on incremental dynamic analysis determines that the
perfect uncorrelated correlation assumption leads to a larger variation in seismic
response when the maximum inter-story drift ratio is small (less than 3% in the
example frame studied). Inversely, the perfect correlation assumption results in a
larger variation in seismic response as the maximum inter-story drift ratio became
larger. For the larger maximum inter-story drift ratio (larger than 3% in the example
studied), the perfect correlation assumption is very conservative.
5) A smaller maximum inter-story drift ratio determines that an increase in the interfloor correlation correspondingly decreases the dispersion of median incremental
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dynamic analysis curve caused by uncertainties in the connection parameters. For the
larger maximum inter-story drift ratio, an increase in the inter-floor correlation
causes an increase in the dispersion of the median incremental dynamic analysis
curve from the uncertainty in the connection parameters.

3. Limitations and Recommendation for Future Work
To further expand the work presented in this dissertation, a number of research topics can
be undertaken, which include the following:
1) In both confidence level based design and second-order reliability based design
approaches, the epistemic uncertainty is from the uncertainty in coefficient of
variation of soil parameters. The approaches can be extended to consider uncertainty
from mean value of soil parameters in future.
2) In performance based robust design approach, modal pushover analysis instead of the
most rigorous nonlinear dynamic method is employed to calculate seismic demand
for computational applicability consideration. Though modal push over analysis can
provide results with comparable accuracy, result based on nonlinear dynamic method
would be more persuading. As a result, effort will be made to implement the
methodology with nonlinear dynamic method employed.
3) The performance based robust design and reliability based multi-objective robust
design approaches in this dissertation can be straightforwardly implemented using
many other design codes. Thus, future study is recommended to further develop this
approach according to other building codes (e.g. Eurocode).
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